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Abstract

In a similar spirit to the papers [1,2], existence and decay for a plate type equation is obtained. The result is a
generalization of the work for the linear equation in the paper [1].
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1 Preliminary

We study the following equation in R" x[0,+00) (n>1)

{837( HA* Dy -k 7 =0(05x.0.2), -

2(0) = %, (%), 0.x(0) = x.(x).

The memory term & *, y is defined by

(k% z) = j; x(t — )z (x, s)ds.
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We assume the memory kernel x(t) satisfies the following assumption.

(a) 0<xeC?([0,)),
() -C <«'(t)/g(t)<-C,, |x"(t)/x(t)<C, fort=0,

B <
(c) _[0 k(s)ds<1,
with C; >0 ( j =1,2,3) are constants.
And g(&% y, 0, y) satisfies the following assumption.

9(A0% x, 20, ) = A“ 9(&2 1,0, x), VA >0,

5-n, n<3

here & is an integer satisfying o > a, with ¢, = 2
+—, nx>4

n

For K e Z", we denote

w(k,n) = 2k+[”7+1} n>1.

Theoreml.1LletSeZ", s>max{n+13}. Suppose

ZoeH P NLland y, e H> N L. Put

E, = ”Zo Ho+2 +||Z1 HS +||750||L1 +||Zl||Ll'

Then there exists uniquely a solution y € C°([0,0); H**) nC*([0,0); H®) of (P) satisfying the
following estimates:

Here k >0 satisfying w(k,n) <s.

n k
(31
a|:(+2)((t) Hs-e(k.n) SCEO(:I‘_'_t) 84 ’

n k
~(0+)
atat/}f(t) Hs-o(k.n) S(:EO(:l'—i_t) 8 4 .

We recall some related work. Da Luz-Chardo (see [3]) studied the following dissipative plate equation in a
bounded domainin R" (1<n<5)

1-A)Fx+A°x+0,x=9(1) -
Here 0, y is the linear dissipative term. Sugitani-Kawashima (see [4]) studied this problem in R" and extend

the results to general N . Subsequently, Liu-Kawashima (see [5,6]) studied a more complex equation
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2 : ij 2
1
(-2 1+ D 8" (35 2),x, +Ox =0
ij=1

In [7], Liu-Kawashima studied the following memory type equation

Oix+ (A +D)y+x+ Ay=9(x).

Liu (see [2], also [8] for related results) further studied the following Cauchy problem

A=A+ (A + D)y + K% Ay =9(x, 0.2, V7).
Mao-Liu (see [9]) generalized the results of plate-type equation (see [2,7]) with memory to higher order
equations. They studied fractional order of derivatives. They also (see [10]) studied equations of variable
coefficients.

In these papers, the memory term under consideration is x * Ay . Recently, Liu-Ueda (see [1]) studied a type of
linear plate equation with some different memory term x =y . They obtained some decay estimates and
asymptotical behavior for solutions under suitable assumption.

Similar results also holds for Timoshenko system (see [11,12]) and hyperbolic-elliptic system (see [13]). For
more related results, we refer to [14,15,16,17,5,18].

In section 2, we will prove Theorem 1.1, which extends the result in [1] to the case of semi-linear perturbations.
2 Proof of Theorem 1.1

We note that the solution can be formally expressed as
t
2O =61 % 2 +HO % 2+ H(t-5)*, 9(07.8.1)ds.
Here G, H are the fundamental solutions of the corresponding linear equation, and the notation * denotes the
convolution with respect to X.

We recall several lemmas.

Lemma 1 (see [1]). Let >0, 1<p<2. Then the following estimates hold for 0<k+1<s, peS
(the class of Schwartz functions):

252G (1) %, <Cyp (1+1) 252 gl +C, (L) S 20

@
(2)

L +Hedie(t)x, ¢

LZ LZ 1
nf1 1
JH (1), ¢ <Cyp (1+t)7[?5+kj le|s +C. (1+ t)’§ e

L *HedH ()%, ¢

12 (E

By a little modification of the theorem 2.7 in [1], we have the following

Lemma 2 (see [1]). Let sz{nTH} be an integer, y(t):=G(t)*, x, +H{)*, x and

Eo =|xollo + 2l +l 0l + ]2l Suppose yo e HS? AL, 7 e H L. Then
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(k+ )

ak+2 (t)”

KO FM)] o SCA+1) P E,.

H(k)

Proof. Letk, meZ".

Let p=1 in Lemma 1, we have

mS|

2770, <[k 6,

R o s (t)*x 7

( ) 205 )"Zo"LI +C 1+t) |al><(+m+zlo .
+C(1+t) i KA +C(1+t)7 8“"2;(1
_C(1+t)7(k+ )(||;(0 s ) +C@+t) e B 10| mocsn 2
+C (1+t)772 [FA ks
Here 0<k+m+y <s, (i=12).
Choose the smallest integers g satisfying
ﬁ > E k 1
4 4( i 2)'
Then we have
O 7O, SC(LHE) 8 o) 2 E,.
Similarly, we have
DA,y <CA+) TP E,
That is the conclusion.
1 11
Lemma 3 (see [2]). Let 1< p,q,r <o, E:E+F andk >0, m>1,n>1 be integers. Then

L&),

<Clel Il (el o 0%

o)

K
Just by a direct computation, we get

Proposition 1 (cf. [2]). Leta>0and b>0be real numbers. If a+b>1, then there exists C >0 such that
[[@+t-s)*@+s)yas=<c.

Now we come to prove Theorem 1.1, we mimic the argument in [2], and define
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Y= {7 CO R H*)NC (R H), 1], <o0)
with

nk
2l = sup  (@+1)® 4(

t>0,0<(k,n)<s

O 2O #0522

Denote
T2 =6 %, 2 +H®*, z+ [ HEt-7)%, 9E)()dr, With=:=(522.0,7).

By the assumption of f and Lemma 3, we have the following inequalities

& (9(2)-9(1))@)], <C(=)
S4=(r)

-+

0 (E-7)()

LZ

7 (B +r@)l)
E-nol; ).

+( 0, Y(r)

12 +

and

o5 (9(2)-9(1)(@)

. <C(E()

@1 ()
|_2) (E _Y)(T)

e Y
L )

Now we will prove that the mapping y — T [ x]is contraction on B, := {;( ey, < g} for some & > 0. This
will be done in the following (S1)—(S4).

o E-1)()

LZ

+|O\E@)],, +[05Y ()

12 +

(S1). Sets, :[5}1, g ="
2 2s

. Taking y €Y and by Nirenberg’s inequality, we have

n

[E®)]. <ClE®]." n

0y E()

1
(i) For n=1, by assumption of S, we get |E(t)]. < C(l+t) 8 | 2]}, and

E 5
<C(L+1) |7, . ttyields [E®)]. <C@+t) “|z], -

o E(t)

LZ

(ii) For n>2, since s—a(0,n)>s,, we obtain[E(t)]. <C(L+t) ¢||z], and <CL+1) ®| 7], -

Then

OYE()

LZ

[E®]. <C@+v *[, .

(S2). Take any y,77 €Y , and denote = := (82 4,8, %), Y = (0217,0,77) - Then we have
TLAO-TH® = [ Ht-)% (9(E)-g(¥)))dz.

Assume s> @(k,n), then we have
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S (T[x]®-T[7]®)| . <Clz

O H (t-1) %, (9(2)-g(Y))(0)
al;+m+2H (t _ 2—) *x (g (E) -0 (Y)) (T)

=1 +11.

o o dr

+C [

Hodr

Let p=1 inLemma 1, we have

n k+m

t
l<C[?(l+t-7)s «

(9(E)-9(1))()
o™ (9(2)-g(Y))()

. a7

L u
+C.|.02(1+t—r)7|

dez'.

And

n k+m

l<Cli(1+t-c)e ¢
2

(9(5)-9(M)@)

™ (9(E)-9(1))

ler

+Cﬁ(1+t—r)_%
2

,dr.
L
Then by a similar way as in [2], we can obtain

,(EJrE)
it <C@+t) (|2, + [l ) o =l

with0O<m<s—a(k,n). That is,

0k N
o SCQH) 2zl + [l ) =7l

(T [x]® =T [n]®)

for 0<m<s—w(k,n).

So we have that

n k
sup(L-+0)° “ |05 (T[] O =T [ O] ey <l +lol ) =71,

(S3). In a similar way as in the part (S2), we can prove that

n k
sup(t-+° 640, 21O T [l =S, Il L=l

(S4). The estimates in (S2) and (S 3) imply that
[T L= [, <A, -+l Y =l -

So far we proved that |[T[7]-T[n]| <Ce&**|x—nl, . if x,neB, . By Lemma 2, we know that
IG(t) %, 2, +H(t)*, ;(1||Y <C,E,.Soif E, and ¢ are sufficiently small, then we have

TLA-T o, <51zl
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It then yields that
1
ITL21l, <16 * 20+ HO* il +5 ]l <2

Hence the mapping y —>T[;(] is contraction on B, . Then the fixed point theorem imply that there exists a
unique fixed point y € B, satisfying T [;{] = y.Thatis, this y € B, satisfies the equation

t
2O =6WM* 2 +HO)*, 1+ H(t—9)% 9(0x.0,1)ds.

So it is the solution to the semi-linear problem (P), and satisfies the corresponding decay estimates in Theorem
1.1.

Remark. In the proof above, we just sketched in some parts and left the details. The reader can refer to the
paper [2] for similar argument.

3 Conclusion

We studied the Cauchy problem of a class of semi-linear plate type equation. We obtained the global existence
(in time t) under the assumption of smallness of initial data, and some decay for solutions to this equation in
terms of fixed point theorem. Our result is a generalization of the decay for the linear equation in [1].
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