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ABSTRACT

The quantum hydrodynamic-like equations as a function of two real sets of variables (i.e., the 4x4
action matrix and the 4-dimensional wave function modulus vector) of the Dirac equation are
derived in the present work. The paper shows that in the low velocity limit the equations lead to the
hydrodynamic representation of the Pauli’'s equation for charged particle with spin given by
Janossy [1] and by Bialynicki et al [2]. The Lorentz invariance of the relativistic quantum potential
that generates the non-local behavior of the quantum mechanics is discussed.
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NOMENCLATURE
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P = square wave function modulus: number of particle I-3; m =mass particle: m; h = Plank’s constant:
m 12 -1; ¢ = light speed: | t-1; H = Hamiltonian of the system: m I2 t-2; Vqu= quantum potential energy:

m 2 t-2.
1. INTRODUCTION

In the present paper the author develops the
hydrodynamic formulation of the Dirac equation.

The quantum hydrodynamic analogy (QHA)
describes more clearly the origin of the non-local
quantum character deriving by the quantization
condition [2] and it results useful in treating
problems at the edge between the quantum and
the classical regime.

In the hydrodynamic quantum equations (HQESs)
[3] the non-local restrictions come by applying
the quantization of vortices [2] and by the elastic-
like energy arising by the quantum pseudo-
potential but not from boundary conditions.

In the low speed limit, the Schrédinger equation
is a differential equation where the non-local
character of evolution is introduced by the initial
and boundary conditions that must be defined for
describing the physical problem.

In the case of charged particles, the non-local
properties of the Schrédinger equation come also
from the presence of the electromagnetic (em)
potentials that depend by the intensities of em
fields in a non-local way (e.g., Aharonov —Bohm
effect).

In the corresponding hydrodynamic equations
the em potentials appear only in local way
through the strength of the em fields. In this way,
the hydrodynamic equations exhibit more clearly
the generation of the non-local character of

quantum behavior than in the Schrédinger
equation.
Even if the hydrodynamic and the wave

descriptions are perfectly equivalent, no one
prefers to solve the non-linear HQEs [1-3]
instead of the Schrédinger one.

The mathematically more clear statements of
non-local restrictions of the HQEs and their
classical-like structure make the HQEs suitable
for the achievement of the connection between
quantum concepts (probabilities) and classical
ones (e.g., trajectories) [4-6]. This fact makes the
HQEs very useful in describing both phenomena
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at the edge between the quantum and classical
mechanics such as the description of dispersive
effects [7] critical phenomena [8], and other
complex systems [9-10].

The advantage of HQEs in managing the non-
local quantum character becomes more evident
in systems larger than a single atom when
fluctuations become important [11] or when we
want to investigate the effect of noise on the
coherence of quantum non-local evolution [12], a
field of great interest in the scientific community
[13-18].

Since the non-local behavior of quantum
mechanics is generated by the quantum
potential, its relativistic expression coming from
the quantum hydrodynamic description of the
Dirac equations (DE) can be very useful in
investigating the compatibility between the
quantum non-local interactions and the
relativistic  postulate of finite speed of
transmission of light and information. The
Lorentz invariance of the quantum potential can
give an important contribution to the solution of
the problem of superluminal transmission of
information in quantum mechanics [19-20] that
has been postulated in order to overcome the
contrast between the quantum phenomena and
our sense of macroscopic reality [21-23].

The paper is organized as follows: In section 2
the hydrodynamic representation of the Dirac
equation is derived; In section 3 it is calculated
its low velocity limit and shown to agree with the
hydrodynamic form of the Pauli equation; In
section 4 the non-local property of quantum
potential is discussed as well as its invariance
under Lorentz transformation.

2. THE HYDRODYNAMIC
REPRESENTATION OF THE DIRAC
EQUATION

Following the method used in a preceding paper
[24], we proceed to find the current density
conservation equation and the hydrodynamic
force equation in agreement with the DE.



In relativistic mechanics it is well known that the
DE

(ih}/’uaﬂ+mc)‘l’:0 (1)

By the minimal coupling with the electromagnetic
field) reads

(z‘hg/“(aﬂ +%Aﬂj+mcj‘{’:0 )

Where w1 is a four-dimensional index that for
the space-time vector readsq, =(ct,iq; ),
where q, are the spatial components, and where

190 . i; 4 0o ¢&*
=i ¥y | ):(aﬂ OJ’
Where B
(L 20 o
b0 Dbt o
oL )
(63)=[(1) _OJ=—(63) @)

Moreover, (2) can be re-cast in the Schrédinger-
like form

ihd,¥ = H W (4)

Where
0., (h 0 2
Hp=cy'y -(fV—eAj+7 mc” +e¢ (5)
i

That for free particle reduces to
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Hp :70(7/.-%V+m62j (6)

Moreover, given the property of the g#
matrices, so that it holds both

) 0,) =749, 7)
and

9, ¥*y Y’ =0, ¥*y y" =y, ¥+ )" (9)

It follows that

. ie —
(lh}/’u(aﬂ—;Aﬂj—mcj‘P:O (9)
That leads to the Schrédinger-like form
—ihd,Y=Hp ¥

Where ¥ =W¥" % and where
HD* =cy'y -(—EV —eAj+ Yme? +eg
i

In force of relations (2, 9) the current
JH =Wyt
obeys to the conservation equation

30" =3, [By®) =0 (Y w)+a, [Ty v
mc—, N7 e mc—, N7 e
E W—\P}/J E Aﬂ\P—E W"‘\P}/J }l Aﬂ\PZ 0

(12)

that by using the identities

4
cp=J" =Y YPY="w=31¥, =¥ 13
u=1
J, =Py¥=¥"y'yw (14)

leads to the conservation equation
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101¥1? _
Il =V 5) ih at(‘l’_7°‘1‘) B
:a_p_,_v.(pc}):o = ihﬁy(aﬂoqj)"'(aqu_yo){l) (17)
o :lP7OHD\P_(HD*lP70)LP
Where

In order to end with the other independent

. @c}/i‘l’ ‘I’*c}/oj/i‘l’ hydrodynamic equations (to obtain the full
= = (16) quantum hydrodynamic representation as a

qi 2 2 .
¥ ¥ function of |y | and S), we write the four-
dimensional wave function as

It is useful for the calculations below to observe
that, with the help of (4,10), equation (12) leads
to

] ] i i
T:(Rlexp[%‘gl]’ RzexP[%Sz]» R3€xP[ES3]» R4exp[%S4]j

exp[éSl] 0 0 0
0 expl~S, ] 0 0
=[R, R,, Ry, R] h ; (18)
0 0 exp[gS3] 0
0 0 0 exP[%SU

i
=Rexp[—S
exz?[h ]

where R; =¥, |are the components of the vector R and the matrix S reads

S, 0 0 0
0 S, 0 0

S = (19)
0 0 S 0
0 0 0 S,

Moreover, by multiplying (4, 10) by the matrices

L o 0o o ! 0 0 0
Y, Wy *
| 0 \PL 0 0 | 0 lyl — 00
T
llo o = o ¥ 0 0 0
Y, g,
1 1
0 0 0 — 0 0 0
L \P4 i L \PZ *_
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we obtain the equation

Ly | L0 (g Oy | =L L Ly g 21
[{\P}th] {‘P}atﬂ_[a/m] at”q]]}_ h[[W}HDW{\P}HD Ly] @

0 0 0 0 0
—In[¥]=| —In[¥ —In[¥ —In[W¥ —In[¥ .
where 5 n[¥] [at n[¥], 5 n[¥,], 5 n[¥;], 5 n[ 4]j

Equation (21) holds only for the space points where ¥,,¥,,¥,,¥, are different from zero.
Nevertheless, since the quantum wave functions are regular functions (they are at least two times
derivable)) so that the space domains, where ¥,,¥,,¥,, ¥, vanish, have null volume, the solutions

of (21) extend themselves to those singular points by means of continuity (the fact that the
singularities are resolvable is also confirmed by the outcomes of the Dirac’s equation that do not have
discontinuity in those points).

After some manipulations, equation (21) leads to (see Appendix A)

(;zn[w]—aatzn[q']j —z [—] h{MJ

__L [I}H ‘P+[1}H 7
n\w] P T w]TP
Wh i_ ! d wh
ere v lp*yo , I =(1,1,1,1) and where
0 0 R, 0 R3 0 Ry
—In =|—In —In[—], —In[—], —In[— 23
ot [Ryo] [az [} ot [R4] ot [le ot [Rz] =9
and, hence, to (see Appendix B)
ho als+5) 0. <
——1In _— | =— « (VIS S)—2eA
2 [RJ( = J ey +(v(s +5)-2¢4) o
NI _ o) 0, 2
cy Yy . .(Vln[R] Vln[R]) 2(}/ mc +e¢)
1
where R = R70,§ = S;/O and where
L 0 0 0 1 7
o 1 o o >
{1} R, . 0 o 0 0
R | o o L o {} ‘o
R; Rl 1o o — o
1 R,
0 0 0 — !
L Ry | 0 0 0 —
(25.2) i Ryl (251)

97



Chiarelli; PSIJ, 5(2): 93-114, 2015; Article no.PSIJ.2015.011

*®
Moreover, by multiplying (24) on the left by %and on the right by % it follows that

ot N ot

Q) w % 200010 _ *
als +S)wew _ weey Y'Y (i(s +35)-2ea)-2FE [ 0me? 4 eg)
o g2 1P |2 |2 26
% 20040 *
ey y¥W 0727\11-2%1[5]——‘{' ‘sziln[gj
|| i R |y idt R
where
R R R, R; R,
Vin[=]=|\VIn[—], Vin[—=], Vin[—], Vin[—] |, (27)
R [ R3 Ry R Ry
Y
that since =1 (by (16)), leads to
1P |2
ra ° _ . L4 28
M+2(7Omc2 +e¢)+q-VI(S+S)—q-2eA=—h[q-Vln[%]+ J ln[%]} =9

Moreover, by taking the gradient of equation (28), it follows that

AVI(s +5)-2¢4)
ot

+ Ze[V;/ﬁ + %‘;‘] +2°c2Vm -V g VI(S +5)

— o V(VI(S +5)-2eA) - 2e g VA + 2, VA, +V ,(0,1(5 +5)-eA,) (29)

Al (1 1 _—) 9 R
Z*V L4 *VR—jVR *l =
i {q [R R j+at n[R]}

being the rotor of the gradient of the action null (i.e., the quantization condition) [2]

vxVI(S +5)=0. (30)

Furthermore, by posing

b vI(s +5) -
2

equation (29) reads (see Appendix C)

d(p—eA)
dt

=—e(E+(].><B]—7/OCZVm—V(}i(p—eA)i

. 3 (32)

hV{q-Vln[£]+—ln[£]}
R ot R

i
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that using the identity

q’ Wyt WEeylyry
R P |2

finally leads to

_ L]
M = —G{E +q XBJ - ]/002Vm
t

° h oM R (34)
—Vql.(p —eA)i +EV q 9, ln[?]

If, by using the correspondence rules p — -ifiV , we derive the Dirac Hamiltonian as a function of the
hydrodynamic variables (¢, p )

H,=cy'y «(p—eA)+y’mc’ +ep (35.3)
and its density
D= lPI*‘II’{I[;\P = :10 (p—eA)+ 7/0mc2 +eg (35.b)

where gis given by (16), we can write the hydrodynamic Hamiltonian-like relations that read

. :a}[D:;]

du P (36)
leading to autonomous velocity since é = ;(W) is decoupled by the moment, and
—V(}[D+un>:1‘7:—V[q.-(p—eA)+7°m62+e¢+un} (37)
From (37) the total derivative of the kinetic moment reads
d(pd—t eA) _ —{eW‘H P Vm + e(q'l_ VA, —%—/: —q- VA) Vg, (p- eA)l.J -VV,,
:—e(E+c;><V><Aj—7°c2vm—v2,i(p—eA)i -VV,, (38)

u

= —e(E +q XBJ— 70c2Vm—ti(p —eA)l. -V,

from which we obtain equation (34) through the expression of the relativistic quantum potential un
(RQP) that reads
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nict R
un:__.|:q aﬂln[?]:| . (39)

By setting to zero the RQP it follows that the motion of the density o is defined by a local equation of
motion describing the evolution of a relativistic dust.

Moreover, in order to investigate the dynamics of such a local dust p , it is possible to define the
corresponding non-linear Dirac equation ihat‘P = HDC[‘P (similarly to the nonlinear Schrédinger

equation [25]) by subtracting the non-local quantum potential, to obtain

Hy =y o[ v —ea |+ yome? 'hg'ﬂazl}'w
Dd—cj/j/-7 —eA|+y mc +ep+i T q ﬂn[lﬁl] (40.a)

0.i (R 0o 2 ih"u ¥
Hp =cyy o(—_V—eAj+7 mc” +ep+—q aﬂln[l=I] (40.b)
ol i 2 R4
0. (h 0.2 ihc‘P*yoy“‘P ¥
Hp, =cy’y -(—_V—eAj+j/ mc +e¢+——28ﬂln[l=lj (40.c)
‘ i 2yl ¥
P 1y | 1P, | 1P, | 1w, |
h In[l=1] =1 , In[——] 1 .
where In[1G 1 ["[|‘P3*|] n[|w4*|] n[|1111*| n[nyz*l]J

Furthermore, if we consider the more realistic case where noise is present (e.g., we may consider the
sufficiently general case of the Gaussian one) we have the stochastic equation [12]

a .
a—'[;+V°(Pf1)+77(q,r,T)=0 (41)

where the Gaussian noise is defined by its variance that in a sufficiently general form can read

A
fim <Mqqr )M gprare) 2=<Magi)Mag.) Z(1) G(—/i JO(7 )0 (42)
o(T)

A

where T is the amplitude of noise (e.g., the temperature of the ideal gas thermostat). [12] and " € is the
correlation length of the Gaussian noise. If we translate (41) back to the Dirac formalism we obtain

9, +%a, |+ +i‘7/—0 ¥ =0 43
ihy™| dy A me C|lp|277(q’t’T) = (43)

that represents the stochastic analog of the Dirac equation that in the Schrédinger-like form
ihd,¥ = Hp¥ leads to

HD :C}/O}/i .(?V—BAJ+ }/Onflc2 +€¢+ IlPllz 77(q,t,T) (44)
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A
In principle, both the correlation length /16 and the correlation function G(— ) of the Gaussian noise
(&
are free parameters but if we add the additional constraint that the (mean square root of) energy
fluctuations of the quantum potential must remain finite (needed in the stochastic case to exclude non-
physical solutions [12]), a condition comes on them. In the classical limit it has been shown [12] that,

A
in the small noise amplitude limit, the correlation length 4. as well as G(/l_) acquire the

expressions

A A 2
im G(— )= —(— 45
Tl—>0 (ﬂc) exp[(ﬂc)] (45)
with
T fi
im Ao =(=)" ——— 46
e L S o

The additional condition of non-diverging energy is needed in the stochastic case since the quantum
potential is critically dependent by the distance on which independent fluctuations happen.

Fluctuation of density P with null correlation distance brings to infinite quantum potential energy. This
is due to the derivative form of the quantum potential whose energy is given by the partial derivative of
the wave function modulus.

3. THE CLASSICAL LIMIT

In order to derive the classical limit, we use the following limiting expression for H p, [2] that reads

Hp, O
Hp = * 47
D { 0 Hp } (47)
where
2
HD+Ei‘mc2+e¢+( - 7)
- 2m
.2
:+m002 imoq +e¢+eha’-B (48)
2 2m

2 7[2
=tmyc"t——+ep+ o B
2m0

= +mgc? ii(zV—eA)2+e¢+ya-B
2m i
where 6 = (0'1,0'2,0'3) and 7 = (p —eA). Moreover, being H p real, so that it holds

—ihd, ¥ =Hp W, (49)

the current conservation equation (12) reads
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im0, 9"%)=inc(d,p)= ¥ H ¥ - (0, ¥ (50)

That by the diagonal form of H , (since particle and antiparticle are decoupled) and by using the
notation

‘P=(T+)‘P—)s(‘1’i):lll’iIexp[%]:,{ill/llexp[%]s (51)

where y, itis a bi-dimensional spinor, leads to the expression

ihil‘lﬁr |2=l(\PH(EV—eA)2\P+—%(EV—eA)Z\I'Hj
o 2m i R
2
=—§—V(‘I’T¢V‘Pi (et e, )- 2—V-I‘P PeA (52)
m

where being W_and W, decoupled, we can consider just that one with the plus sign that, by using
the notation

(‘P)=(Z)|l//|exp[%], (53)

leads to (see Appendix D)

i|1//|2=—V.(|;u|2 ivsj+lv.|;y|2 eAJriv.(lgm2 cosﬂV(p)
ot m m 2m

(VS—eA) n (54

:—V-(I;VI2 (—_e+—coszﬁ‘V¢D
m 2m

and where

cos(gj exp[—i L ]

_ 2 2 (55)

Z =
sin(gj exp[i%]

+

y'oy
T

vy

where ¢ and @ are the angles in spherical co-ordinates of the versor n = (defining the

magnetic moment density 1y 1> n ).

Moreover, since in the classical limit particles and antiparticles are decoupled, we can factorize the
mass phase factor as
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.2
imc”~t
(@), =exp[_[— h J](wd ) =
with the re-defined Hamiltonian
HD+§i2L(—.V—eA)2+e¢+,ua-B. (57)
- m
and the re-defined action
_ 2
S=8,—mc“t. (58)

Thence, in the low speed limit, the conservation equation reads

2|;//|2=—V-[|g//|2 qJ

ot (59)

with

q :l((VSCl —eA)—i-Ecos ﬂV(pj (60)
m 2

where it has been introduced the approximation VmCZ[EO , since in the low velocity limit the

particle mass is practically constant, and the property | ¥ |=l w | (being | 7 I°=1) holds.

Equation (59) agrees with the wave function density conservation equation of the hydrodynamic
representation of the Pauli’'s equation [2].

The hydrodynamic-like force equation acting on the particle density and spin can be obtained by
1 1
multiplying on the left side the Dirac equations (4, 10) by the matrices {E} and {?} respectively,
leading to the following relation
179 179g) (2 I
[Mg““[ﬂg“‘j—(aﬂ"[ gt “’]] (61)
9, ¥ if[1 1 ‘=
_gln[E] _—%({E}HD‘P+{$}HD l{lj
@e?%

where in the low velocity limit it follows that , Where

ﬁ=[1 _1], (62)

1 0
where ] = and where
0 1
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HDE/”L(EV—&‘\)Z+ﬂm002+e¢+m-3, (63)
2m i
_L 0 0 0_ . 0 0 0
¥ ¥y
0 1 0 0 0 L 0 0
{i}: £ D) N 2,
Ilo o L oo o o L o
lP3 ‘Pl_
64
i Yol | 2 |
1 0 0
Py 0 0
oo [1
0 0 |¥Y_

By considering just the positive-energy spinor and eliminating the mass phase factor by using the
Hamiltonian (57), relation (61) reads

0 v ifl1 1 *
Eln[F]__g([E:lHD"’T-F{?:IHD‘* ¥ j

m

_h [L
2im\| ¥

where

2m

bacow [
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0, ¥ d R g a
iy =| = L =
o n[‘P*] [at n[‘Pl*] o [ ]j
:(a(l[ll J+2i J [ |22 ]+ 2i B
d VA
id d
—2g{§(—h(p+S), az(h +SD (66)

i S o0
=2—|(L1)—+(-11)h—
h(( )at =) a;j

For sake of simplicity (see Appendix E) we will give here the solution for spinless particles obtained
for 4 =0and y =constant (sothatitholdsVy =0andV @ =V J =0) that leads to

[(11)+( 11)87’(”]

2
2e¢+(eA)_hz[|:1}v.Vy/—|:l*:|Von//*]
m 2m || ¥ v

=—%(1,1) —ﬁﬂl e(V-Al//)—{l*}e(V.Ay/*)J (67)
v %

iS iS
-—JV.Vilyl —
(eA )2 B 2 o exp[ 7 1 [ v lexp[ hj

— exp[ +£]V-V[Il/f|exp[ —%]
¢ (68)

1
=-——(11
2( )
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is is
2 2 exp[—]V-V(ll//Iexp[j
26¢+7(8A) —§—|y/|‘1 d . i .
" " —exp[+lS]V-V(|l//Iexp[—lSj
h h
Ly (69)
B A VS
_26 °
m
(VS—EA)Z_ﬁ -1 g2
[(Ll)aaf+(—1,1)haa‘fj=—(1,1){e¢+ T A (70)
and to
ovs oV ¢
L) —=+(-11)h —=
(( ) » ( ) o ]
ev¢—ﬁv(|y/r1 v? |W|)+ (VS —eA)sV(VS —eA) . (71)
:_(1’1) m m
+[(VS—eA),.V(VS—eA),. ~ (VS—eA)-V(VS—eA)j
m m

* 1
Moreover, by using the relation (60) with the condition V@ =0 (i.e.,g = —(VS —eA)), relation (71)
m
leads to

eVo+qeV(Vs —eA)—e(q XVXA]

ovs
(L1 )7 =—(11) . 2 (72)
—{quxVSJ—h—V(Iy/I_lVZIwI)
2m
and, being the gradient of the action irrotational [2] (i.e., VX VS =0), to
ovs * ° n? -1 o2
—— |=—{ eVP+geVIVS —eA)- XVXA|-—VIyl " Volyl
(atJ [e¢q ( e)e[q JZm v w)} 73)
that finally reads
d(VS —eA) 0A . h? o
————— |=— ¢ Vo+— |—el gxB |——VIy| V-lyl (74)
dt ot 2m
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leading to the expression

: . 2
dq:€[E+q><B]+hV(ll//|_1 v? Iy/I) (75)
d m Im?

that represents the correct classical limit [2].
4. DISCUSSION

If we look at the manageability of the quantum
equations no one would solve the hydrodynamic
ones. Nevertheless, the interest for the QHA
remained unaltered since it was proposed by
Madelung [3]. The motivation comes both from
the formal analogy with the classical mechanics
and from the fact that the QHA model facilitates
the correlation between the quantum and the
classical dynamics since the non local properties
of quantum mechanics can be more easily
recognizable in it.

If in the Schrddinger problem not all solutions are
considered, but only those that fulfill precise
boundary conditions (e.g., for bounded problems
the eigenstates are those that go to zero to
infinity) so that the quantization comes in, in the
QHA, these non local characteristics are
transferred to the dynamics through the quantum
potential (39).

This is clearly recognizable in the classical limit
where, if we subtract the contribution of the
quantum potential to the quantum equation, the
classic non-linear Schrédinger one is obtained
[25].

On the other hand, if the quantum potential is
null, the hydrodynamic equations describe the
motion of a classical dust of density p [2].

In the QHA the eigenstates are defined by the
stationary densities that happen when the force
generated by the quantum potential exactly
counterbalances that one due to the Hamiltonian

potential (with the initial condition g = 0).

Since the quantum potential changes with the
state of the system, more than one stationary
state is possible.

If we disregard the quantum potential, we also
wipe out the quantum eigenstates and we end
with the classical equation of motion.

Chiarelli; PSIJ, 5(2): 93-114, 2015; Article no.PSIJ.2015.011

Thence, it clearly comes out that in the QHA the
non locality does not come from boundary
conditions (that are apart from the equations) but
from the quantum pseudo-potential that depends
by the state of the system and is a source of an
elastic-like (non-local) energy [12,25,26].

Just for instance, if we consider a bi-dimensional
space, the quantum potential makes the vacuum
acting like an elastic membrane that becomes
quite rigid against curvature on very small scale.

Since the force of the quantum potential in a
point depends by the state of the system around
it, the character of non-local dynamics is
introduced into the QHA equations. One of the
major consequences of this is the realization of
the eigenstates and the related coherent
evolution of the superposition of them.

The fact that the state of a quantum system in a
point depends by its state in far away regions
generates a rejection from our sense of reality.

The determination of the result of a quantum
measurement as a function of what happen to a
quantum entangled state at a far distance is at
the base of the Einstein-Podolsky-Rosen
paradox [21] where the classic concepts conflict
with the quantum results.

Nevertheless, Bell’ inequalities and connected
works [22-23] compared with experiments show
that the Copenhagen interpretation of quantum
mechanics is always verified.

The fact that the result of a quantum
measurement is determined by what happens far
away (in another experiment) has led many
physicists to postulate the possibility of quantum
transmission of information at a speed larger
than that one of the light [19-20].

The availability of the relativistic quantum
potential (39) allows verifying if the non-local
interactions involved in the quantum mechanics
propagate themselves compatibly with the
postulate of the relativity about the invariance of
light speed as the fastest way to which signals
and interactions are transmitted.

Since the invariance of light speed is the
generating property of the Lorentz
transformations, the co-variant form of quantum
potential (39) under the same transformation (4-
scalar product) and the property of the 4-wave
function vector that changes accordingly with the
Lorentz transformation, allow affirming that the
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quantum non-local behavior is compatible with
such a postulate of the relativity.

In fact, whatever inertial system we choose

moving with velocity V < C, through (39), we
have the quantum potential expression able to
describe the quantum dynamics as realizes itself
in such new reference system (where the light

speed is always C and hence not attainable).
This fact forbids that in any inertial system the
time difference between the initial condition (e.g.,
starting of measurement (i.e., cause)) and the
final one (wave collapse (i.e., effect)) is null (or
negative) so that the quantum-potential action on
the whole wave function (sometime de-localized
on very far away space regions) cannot realize
itself in a null time.

This result enforces the hypothesis that any
measurable quantum non-local process (even
involving a large distance) is compatible with the
postulate of invariance of light speed as the
fastest way to which signals and interactions can
be transmitted.

It is a matter of fact that the compatibility
between the quantum mechanics and the
postulate of light speed invariance of the relativity
needs the definition of a theory able to describe
the kinetic of the wave function collapse during
the measurement process.

Actually, the dependence of the standard
quantum theory from the measurement process
makes it a semi empirical theory. On the other
hand, a closed (self-standing) quantum theory
must be able to describe the measuring process
itself.

From the general point of view, the kinetics of an
irreversible process (i.e., the measurement
and/or wave function collapse) can be achieved
with the help of the stochastic calculus applied to
the quantum motion equations. To this end the
QHA shows to be a very suitable formalism
[12,27].

6. CONCLUSION

In the present paper, the coupled hydrodynamic-
type quantum equations for the phase and the
amplitude of the wave function of the relativistic
Dirac equation have been derived.

The work shows that in the low speed limit the
quantum hydrodynamic conservation equation of
a charged particle with spin described by the
Pauli equation is recovered. The hydrodynamic
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motion equations in the low velocity limit also
lead to the correct expression of the quantum
pseudo-potential for charged particles.

The output shows that it is possible to derive the
relativistic form of the quantum potential
responsible for the non-local behavior of
quantum mechanics in a co-variant form
compatible with the Lorentz transformation.

The Lorentz co-variance of the quantum potential
points out that the non-local quantum effects
such as the correlation between far away
quantum measurements do not violate the
relativistic postulate of invariance of light speed
as the fastest way to which signals and
interactions can be transmitted.
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APPENDIX

Appendix A

Excluding the domains where W =0 (that for the regularity of the wave function solutions are of null
volume) we can write

0, ¥, (3, ¥, 9, % 0 lpg 9w,
_l P— = y _l - _l
g (ar”%* T e R e

2Lt )+ [ﬂsai)J "
aI(S+Sy )

:—l .

Appendix B

In detail we have

(5 (o )
:{[\H[c;ﬂyi (v _eAﬂqJ {ﬂ[w -y _eAﬂij_z(yomcz +e9)
(sl -t falorr 2o

[ ry eabos[LJers ceao-2yme? veo

[[M .'Mv}p {W .’?NVM oy ven]- 2y me +09)

(B.1)

Y

from where it follows that

no s +5)
e (az j
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Appendix C

From equation (29) it follows that

dlp-cA)__ (V¢+8A)—equ><A ~2¢°c*Vm
dt ot
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Appendix D

Given the equation
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considering just that one with the plus sign, we obtain
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Moreover, from (D.2) it follows that
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Appendix E

The total velocity time derivative and the total spin time derivative of the hydrodynamic representation
of the Pauli equation can be obtained by the linear combinations of the system of two equations of
(65). In fact, by taking the gradient of both members it follows that

((1,1)82 +(-11 ﬁav—(/’j =
ot 2 ot

2 2
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2

Moreover, by multiplying both members of the above equation by the matrix and
then by making the summation of the two equations it follows that
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that leads to
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and so on.
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