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Abstract

This paper presents the following definition which is a natural combination of the definitions for
almost asymptotically equivalence and almost statistical convergence of fuzzy numbers. Let
0 = (k,.) be a lacunary sequence. The two sequences X and Y of fuzzy numbers are said to be
asymptotically SF (F) —statistical equivalent of multiple L provided that for every € > 0

{k €I, c_l (tkm—(xk) L) > 8}| = 0, uniformly in m

lim, —
T h tkem (Vi)'

.
L
(denoted by X SOiF)Y) and simply almost asymptotically—statistical equivalent if L = 1. Also, we
prove that some inclusion relations.
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1 INTRODUCTION

In 1965 L. A. Zadeh introduced the notion of fuzzy set theory. Since then it has been applied in
almost all the branches of science and technology and has widely been investigated. Different
types of fuzzy real numbers has been defined and applied for the studies in the recent years. It has
been applied in sequence spaces and recently Tripathy and Borgohain (2008), Tripathy and
Baruah (2010a, 2010b), Tripathy and Dutta (2007), Tripathy and Sarma (2008), Nanda (1989),
Nuray and Savas (1995), Savas (2006, 2007, 2009a, 2009b), Savas et al. (2010), Esi and Esi
(2008) and many others have studied their different algebraic and topological properties.
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By a lacunarysequence 6 = (k,); r =0,1,2,..where k; =0, we shall mean an increasing
sequence of nonnegative integers with k, — k,_; = o as r = oo. The intervals determined by 6

will be denoted by I, = (k,_y, k,Jand h, = k, — k,_,. The ratio —=

will be denoted by q,..
r—1
Let D denote the set of all closed and bounded intervals on R, the real line. For A,B € D, we

define
d(A,B) = max(|a; — by, |ay — b)),

whered = [a,,a,] and B = [by, b,]. It is known that (D, d) is a complete metric space. A fuzzy
real number X is a fuzzy set on R, i.e. a mapping X: R — I(= [0,1]) associating each real number
t with its grade of membership X (t).

The set of all upper-semi continuous, normal, convex fuzzy real numbers is denoted by R(/).
Throughout the paper, by a fuzzy real number X, we mean that X € R(I).

The o —cut or a —level set [X]* of the fuzzy real number X, for 0 < @ < 1, defined by [X]* =
{t e R: X(¢t) = a}; for a = 0, it is the closure of the strong 0 —cut i.e. closure of the set {t €
R: X(t) > 0}. Throughout a means, o. € (0,1] unless otherwise it is stated.

The set of R real numbers can be embedded in R(I) if we define 7 € R(I) by
() = {1 , ift=r
0 , ift#r

The additive identity and multiplicative identity of R(I) are denoted by 0 and 1, respectively.
Then the arithmetic operations on R(I) are defined as follows:

XOY)) =sup{X(s)AY(t—5s)},t R,
X oY) =supfX(s)AY(s—t)},t €R,
X ® V)(©) = sup {X(s) AY <£>}t €Rr,
X/Y)(t) = sup{X(st) AY(s)},t €R.

These operations can be defined in terms of o —level sets as follows:
[X ® Y] = [af + b, a3 + b3],
[X ©Y]* = [af - bi, a3 — b7],
o — 3 apa [V N3
W@ YT = | i eibl magaibt]
X7 = [(a) ™ (@)~ af > 0,i € {1,2},
foreach0 <a < 1.

For r in R and Xin R(I), the product rX is defined as follows:
_(X(r~'t) , ifr=+0
rx(® _{0 , ifr=0"

The absolute value |X| of X in R(/) is defined by
IX|(t) = {max{X(t),X(—t)} , ift=0

0 , ift<0
Kaleva and Seikkala (1984).

45



British Journal of Mathematics & Computer Science, 2(1): 44-51, 2012

Let d: R(1) X R() = R be defined by
dX,Y) = sup d([X]% [Y]™).

0=as<1

Then d defines a metric on R(I). It is well known that R(I) is complete with respect to d.

A sequence (X,) of fuzzy real numbers is said to be convergent to the fuzzy real number X|, if, for

every € > 0, there exists ny € N such that c_l(Xk,XO) < g, forall k = n,.
A subset E of N is said to have density 8(E), if
n

S(E) = lim E xge (k) exists,
n-—-oo
k=1
whereyy is the characteristic function of E.

A sequence X = (X)) of fuzzy numbers is a function X from the set N of natural numbers into
R(I). The fuzzy number X, denotes the value of the function at k € N and is called the k —th
term of the sequence.

A sequence X = (Xj,) of fuzzy numbers is said to be convergent to a fuzzy number X, written as
lim; X, = X,, if for every € > 0 there exists a positive integer k, such that

d(X,, Xy) < €
for k = k. Let c(F) denote the set of all convergent sequences of fuzzy numbers.

A sequence X = (X)) of fuzzy numbers is said to be bounded if the set {X;:k € N} of fuzzy
numbers is bounded. We denote by £, (F) the set of all bounded sequences of fuzzy numbers.It is
straightforward to see that

c(F) c t (F)
and Nanda (1989) studied the spaces of bounded and convergent sequences of fuzzy numbers and
showed that they are complete metric spaces.

Nuray and Savas (1995) defined the notion of statistical convergence for fuzzy real number
sequences and studied some properties. A fuzzy real number (X)) is said to be statistically

convergent to the fuzzy real number X, if for every € > 0, & ({k EN: &(Xk, Xo) = s}) =0.

Savas (2006) defined the notion of almost convergence for fuzzy real number sequences as
follows: The sequence X = (X;) of fuzzy numbers is said to be almost convergent to a fuzzy
number X, if

liII;ﬂ c_i(tkm(X),XO) = 0, uniformly in m,

where

K
1
tem (X) = mz Xm+i-
=0

This means that for every € > 0, there exists a ky € N such that
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d(tim(X), Xo) < €
whenever k > k and for all m.

In Marouf (1993) Marouf presented definitions for asymptotically equivalent sequences of real
numbers and asymptotic regular matrices. In Patterson (2003), Patterson extended these concepts
by presenting an asymptotically statistical equivalent analog of these definitions and natural
regularity conditions for nonnegative summability matrices. For sequences of fuzzy numbers,
Savas (2007) introduced and studied the concepts asymptotically equivalent and A —statistical
convergence. This notion is same as acceleration convergence recently studied by Tripathy and
Mahanta (2010). The goal of this paper is to define almost asymptotically equivalent sequences,
almost asymptotically statistical equivalent sequences for fuzzy numbers.

2 DEFINITIONS AND NOTATIONS

Definition 2.1. Two sequences X and Y of fuzzy numbers are said to be almost asymptotically
equivalent if

~(temX) =
limd <M 1) = 0, uniformly in m(denoted by X L Y).
k tkm (Yk)

Definition 2.2. Let 6 = (k,) be a lacunary sequence. A sequence of fuzzy numbers X = (X;) is
said to be almost statistically convergent or Sy —convergent to the fuzzy number L if for every
e>0

1 —_
limh— |{k € L d(tpm X)), L) = s}| = 0, uniformly in m
T Ny
In this case we write Sy — lim X = Lor X;, - L(S,).
The next definition is natural combination of Definitions 2.1. and 2.2.

Definition 2.3. Let 6 = (k,.) be a lacunary sequence. Two sequences X and Y of fuzzy numbers
are said to be almost asymptotically St —statistical equivalent of multiple L provided that for

every e > 0
~ (tem (X
{k € Ir:d<M,L> > s}
tkm(Yk)

and simply almost asymptotically Sy(F) —statistical equivalent if L = 1.

Sy (F)
= 0, uniformly inm (denotedby X ~ Y)

lim—
im n

Definition 2.4. Two sequences X and Y of fuzzy numbers are said to be almost asymptotically
statistical equivalent of multiple L provided that for every € > 0

1 ~(tim (Xi) ) }
lim—[{k <nid|————=,L | =>¢
n TL‘{ <tkm(yk)

and simply almost asymptotically statistical equivalent if L = 1.

. , st
= 0, uniformly in m(denoted by X ~ " Y)
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Definition 2.5. Let 6 = (k,.) be a lacunary sequence. Two sequences X and Y of fuzzy numbers
are said to be strong Vi (F) —asymptotically equivalent of multiple L provided that

trem (X Vi (F)
hm Z ( tom (X ) = 0, uniformly in m(denoted by X - Y)
h, tem (Vi)

and simply strong Ve(F ) —asymptotically statistical equivalent if L = 1.
In the special case 6 = (27), we have the following definition:

Definition 2.6. Two sequences X and Y of fuzzy numbers are said to be strong
CesaroC} (F) —asymptotically equivalent of multiple L provided that

k)

, L) = 0, uniformly in m(denoted by X '~ Y)

1 C & <tkm(Xk)

lim—
nn = tkm(Yk)

and simply strong Cesaro C; (F) —asymptotically equivalent if L = 1.
3 MAIN RESULTS

Theorem 3.1. Let 6 = (k,) be a lacunary sequence. The following conditions are satisfied:

) V) sEm
OIfX '~ Y,thenX ~ Y.

i/ (F) vy (F)
() If X € £,(F)andX Y,thenX ~ Y.

( Q)
(iii) IfX, Y € 0,,(F) then X Y ifand only if X "'~ Y.

(
Proof. (i) Lete > 0 and X Y, then
~(tim (X ~(tem (X
Zd<km( k)’L>2 Z d<km( k),L)Zs
& tiem (Yie) & tiem (Vi)

d<tkm(xk) )

tem (Vi)'

. o tkm(Xk)
{"E’f'd<m'L>28}'

S5 (F)
Therefore X ~ Y.

S5
(ii) Let X and Y are in {,,(F) and X ’~" Y. Then we can assume that

— [t (X,
d( tom "),L> < T, for all kand m.

tkm(Yk)
Givene > 0
tm (X 1 = [t (X 1 = [t (X
Z <km( X) ) L Z d<km( k)’L>+_ Z d<km( k)’L)
h tkm(yk) hr ket tkm(Yk) hr ket tkm(Yk)
d(i’;x%f;:% o) ()
tem (Xx)
{kEI d(tkm(yk) L)2£}|+s.
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V&)
Therefore X ~ Y.

(iii) Follows from (i) and (ii).

Theorem 3.2.Let 6 = (k,) be a lacunary sequence with lim infq, > 1,

oaw V)
X '~ YimpliesX ~ Y.

Proof. Suppose that lim infg, > 1, then there exists a > 0 such that q,, = 1 + 8 for sufficiently
large r, which implies
h, )

ky " 1456
ckr) -
IfX ~ Y, thenforevery ¢ > 0 and for sufficiently large r, we have

1 tkm(Xk) ‘ } 1 { tkm(Xk) }
— Nk <k, —Ll =gl =2—\k€E€L:|——s<—L|=¢
T { " tkm(yk) T " tkm(yk)
6 1 trem (X
> = kelr:—"m( ")—L > ey,
1+ 6hr tkm(yk)

this completes the proof.

Theorem 3.3. Let 6 = (k,.) be a lacunary sequence with lim sup g, < oo,

G ) ckF
X ~ Y impliesX ~ Y.

Proof. Suppose that lim sup g, < oo, then there exists B > 0 such that q, < B for all r > 1. Let

VE(F)
X '~ Yand & > 0. There exists R > 0 such that for every j > R

1 tkm(Xk) | }
kel: —Ll>¢
h; { 7 tiem (Vi)

<e&.

We can find K > 0 such that A; < K for all j = 1,2, .... Now let n be any integer with k,_; <n <
k, , where r > R. Then

1 t X 1 t X
n {k = t',i'Zin) ~H= 8}| % {k < for ti:((y:))_L| = 8}‘
g L o o el B et L o et B
trem (Xi)
R {k S ‘L| 28}
k tr, (X k, —k tren (X
=hok {"e’“ tk:((yki ‘L| 28} MR {" €l tkn;((yk)) L 28}|
kp —kn_ trn, (X
k. —k,_ trm (X
R R {k € I tkr:liyk)) -t 28}
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ky kay =y kg — kp—1 ky —ker_q
= A+ A+t ————— A+t ——————<A
ky_1ky ! kr—l(kz - kl) 2 kr—l(kR - kR—l) . ker—q (kr - kr—l) "
k k,—k k
< (s'uij>k—R+ <§uij> Tk k< Kk R +eB.
jz1 r—1 Jj2R r—1 r—1

This completes the proof.
Combining Theorem 3.1 and Theorem 3.2 we state the following without proof.
Corollary 3.4. Let 0 = (k,) be a lacunary sequence with 1 < lim infq, < lim supq, < o, then

Vi (F) ck@
e~ Y o 1

X ~ Y.

4 CONCLUSION

The concepts of asymptotically equivalence and statistical convergence have been studied by
various mathematicians. In this paper we introduce the concepts of asymptotically almost S5(F)
statistical equivalent and strong V5(F) asymptotically equivalent sequences using by lacunary
sequence. We also have given some relations between these sets.
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