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ABSTRACT 
 

In a setting of 2-metric space we have proved some existence theorems for fixed points of  ,   

contractive maps and  ,k  contractive maps which are certain generalization of contractive maps 

existing in the literatures. 
 

 

Keywords: 2-metric space;  ,   contractive maps;  ,k  contractive maps; fixed point.  

 

1. INTRODUCTION 
 
The concept of 2-metric space and its 
subsequent study could be found in a series of 
papers of S. Gähler [1- 3]. The analogue study of 

Banach contraction Theorem on a 2-metric 
space was initiated by Iseki et al. [4] and Iseki 
[5]. They proved that a Banach type contraction 
maps on a bounded complete 2-metric space 
possesses a unique fixed point. Existence of 
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fixed points and common fixed points of different 
kinds of contractive mappings over a 2-metric 
space has been examined by Iseki [5], Rhoades 
[6], Saha and Mukherjee [7], Saha and Dey      
[8,9], Saha et al. [10,11], Naidu and Prasad [12] 
and by many others. Recently many 
generalizations of the contractive maps dealt with 
fixed points in a setting of metric spaces as well 
as 2-metric space have been proved by 
weakening the hypothesis retaining the 
convergence property of the successive iterates 
of maps. One such theorem has been proved by 
Boyd and Wong [13] in metric spaces. In this 
paper we have introduced a certain class of 
contractive operators namely  ,   contractive 

operators and  ,k  contractive operators that 

ensure the existence of fixed points in a 2-metric 
space. Here in light of Banach [14] and Kannan 
[15] we have been able to prove some fixed point 
theorems in two sections for a class of  ,   

contractive maps and  ,k  contractive maps 

respectively in a setting of 2-metric space. 
Examples have been cited either to support our 
theorems or to examine the validity of the 
conditions assumed in theorems.  
 
AMS Subject Classification (2000): Primary 
47H10, Secondary 54H25. 
 
Before going to our main results we recall the 
following basic definitions and supporting lemma.

 
Section-1 
 
PRELIMINARIES  
  
Definition 1.1 
 

Let X be a non empty set. A non negative real valued function :d X X X     is said to be a 2-
metric if the following conditions hold: 
 

(i) For two distinct elements ,x y  of X , there exist an element z  of X such that  , , 0d x y z   

(ii)  , , 0d x y z  , when at least  two of , ,x y z X  are equal 

(iii)      , , , , , ,d x y z d x z y d z y x   for all x, y, z  in X  and  

(iv)        , , , , , , , ,d x y z d x y w d x w z d w y z    for all , , ,x y z w X .  

 

If d is a 2-metric over X, then the ordered pair  ,X d is termed as a 2-metric space. 

 

Definition 1.2 
 

A sequence  nx  in  ,X d  is said to be a Cauchy sequence if for each a X , 

 
,
lim , , 0n m
n m

d x x a


 .  

 

Definition 1.3 
 

A sequence  nx  in  ,X d  is said to be convergent to an element 0x X  if for each a X , 

 0lim , , 0n
n
d x x a


 . We denote it by 0nx x as n .  

In general every Cauchy sequence is not convergent in a 2-metric space. For this we refer to [10]. 
 

Definition 1.4 
 

(X, d) is said to be a complete 2-metric space if every Cauchy sequence in  ,X d  is convergent to 

an element of .X  
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Definition 1.5 
 

A mapping    : , ,T X d X d is said to be continuous at 0x X if for 

each a X , 0( , , ) 0nd x x a  as n implies 0( , , ) 0nd Tx Tx a  as n ,equivalently 0nx x  

as n  implies 0nTx Tx  as n . 

 

Definition 1.6 
 

A mapping :G X R  is said to be T orbitally semi-continuous at z X  if  nx  is a sequence in 

 0 ,x   and nx z  as n implies    liminf n
n

G z G x


 . 

Let    : 0, 0,     be a function such that 

(i)   is continuous and non decreasing  

(ii)   0t   if and only if t = 0. 

 

Let us denote the collection of all such function   by . 

 

We now denote by , the set of all functions    : 0, 0,     such that 

 

(a)   is right continuous and non decreasing 

(b)  t t   for all 0t  . 

 

Definition 1.7 
 

A map    : , ,T X d X d  is said to be  ,   contractive map if for each ,a X  

   ( , , ) ( ( , , ))d Tx Ty a d x y a    for all ,x y X . 

 

Lemma 1.8 
 

[4] If    then  lim 0n

n
t


  for each 0t   and if  , } 0,na     such that 

 lim 0n
n

a


  then lim 0n
n
a


 . 

 

Theorem 1.9 
 

Let (X, d) be a complete 2-metric space and let :T X X  be a  ,   contractive map. Then there 

exist an unique u X such that u Tu . 
 

Proof: Fix x X . Set 1n nx Tx   with 0x x . Then for each a X  

 

      2
1 1 1 1( , , ) ( , , ) ( , , )n n n n n nd x x a d Tx Tx a d Tx T x a      

 
 

  1( ( , , ))n nd x x a    2
2 1( ( , , ))n nd x x a       0 1... ( , , )n d x x a   

 

So by Lemma 1.8,  1lim , , 0.n n
n
d x x a



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Now by the principle of mathematical induction we have   lim , , 0, 1,2,...n n k
n
d x x a k


   

So  nx  is a Cauchy sequence in X . Since X  is complete there exist a u X such that 

lim n
n
x u X


  , i.e.   lim , , 0n

n
d x u a


  for each a X . 

 

Now for each a X , 

       , , , , , , , ,n n nd u Tu a d u x a d x Tu a d u x Tu  
 

and 
 

     1 1( , , ) ( , , ) ( ( , , )) 0 as n n nd x Tu a d Tx Tu a d x u a n         

Hence  lim ( , , ) 0n
n

d x Tu a


 . So  , , 0 implying that d u Tu a u Tu  . Uniqueness of u is also 

clear. 
 

Corollary 1.10 
 

Let (X, d) be a 2-metric space. Let    and   . Suppose that T is a continuous mapping of 

X onto itself such that T is  ,   contractive. If for some 0x X  0  as n
nx T x y X   n  

then y is the unique fixed point of .T  

 

Proof:  Clearly for each  , , , 0na X d x y a   as n  . By routine calculation we get 

     1 0 1( , , ) ( ( , , )). So by Lemma 1.8, , , 0n
n n n nd x x a d x x a d x Tx a      as n . 

 

Now        , , , , , , , , , 0n n n n n nd Tx y a d x Tx a d x y a d x Tx y    as n implying that 

nTx y  as n .          (1.10.1) 

 

Clearly    2( , , ) ( ( , , )) 0n n n nd Tx T x a d x Tx a     as n  and hence  

 

 2, , 0n nd Tx T x a   as n . 

 

Also        2 2 2
, , , , , , , , , .n n n n n n n n nd x T x a d x Tx a d Tx T x a d x Tx T x      (1.10.2) 

 

But  2( , , )n n nd x Tx T x  1( ( , , )) 0n n nd x Tx Tx    . Consequently  2, , 0n n nd x Tx T x   

 

From (1.10.2) we have  
 

     2 2
, , , , , , , 0n n n n n nd x T x a d x Tx a d Tx T x a    as n . 

 

and so by (1.10.1), 
2
nT x y  as n . Since T is continuous, we have 

 

  2lim limn n
n n

Ty T Tx T x y
 

   . Uniqueness of y follows trivially. 

 

Theorem 1.11 
 

Let (X, d) be a complete 2-metric space suppose :T X X  be such that for eacha X , 
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   ( , , ) ( ( , , )) , ,  where , .d Tx Ty a d x y a x y X        
 
Assume further that  is sub-

additive. Then 
 

(i) lim n

n
T x u  exist 

(ii)     ( , , ) ( , , ) and
1

n
nd T x u a d x Tx a


 





 

(iii)  , , 0d u Tu a   if and only if    , ,G x d x Tx a  is T-orbitally lower semi-continuous at 

.x X  
 

Proof:  By Theorem 1.9, (i) is clear. Let 0x X is fixed. Set 1n nx Tx   with 0x x . Take for a 

positive integer n . Then for each a X  
 

 1
0 0( , , )n nd T x T x a   0 1... ( ( , , )).n d x x a   Let p and q are integers such that p q .Then  

 

 ( , , )p qd x x a  0( ( , , ))q
p qd x x a    

 

Also        0 1 1 0 1 0, , , , , , , ,p q p q p q p q p q p qd x x a d x x a d x x x d x x a            

 

Now    1
1 0 1( , , ) ( ( , , ))p q

p q p qd x x a d x x a   
     

 

and so      1
1 0 0 1 0 0 1 0( , , ) ( ( , , )) ( , , ) 0p q

p q p qd x x x d x x x d x x x    
      . So  

 

 1 0, , 0.p q p qd x x x     

 

     0 1 1 0 Hence , , , , , ,p q p q p q p qd x x a d x x a d x x a      
 

 

                       
     1 1 2 2 0, , , , , ,p q p q p q p q p qd x x a d x x a d x x a            

                  1 1 2 1 0, , , , ... , ,p q p q p q p qd x x a d x x a d x x a          . 

 

Using the property of ,  we get 

 

 0( , , )p qd x x a         1 2
1 0 1 0 1 0( ( , , )) ( ( , , )) ... ( , , )p q p qd x x a d x x a d x x a           

 
Hence
 

       1 2
1 0 1 0 1 0( , , ) ( ( , , )) ( ( , , )) ... ( , , )q p q p q

p qd x x a d x x a d x x a d x x a                

  1 0( , , )
1

q

d x x a






  

i.e.,     0 0 1 0( , , ) ( , , )
1

q
p qd T x T x a d x x a


 





. Letting p , we have 
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    0 0 0( , , ) ( , , )
1

q
qd T x u a d Tx x a


 





 and so (ii) is proved. 

It is clear that d(u,Tu,a) = 0 implying that G(u) is -orbitally lower semicontinuous at  
 

Now 
n

nx T x u   as n . Since G is T-orbitally lower semi-continuous at u X we have   

 

         1 0 00 ( , , ) liminf ( ) liminf ( ( )) ... liminf ( ( , , )) 0. n
n n

n n n
G u d u Tu a G x G x G x Tx a     

  
      

 

 So , , 0.d u Tu a    

 

Theorem 1.12 
 

Let (X, d) be a 2-metric space suppose :T X X  satisfies 
 

      ( , , ) ( ( , , )) ,d Tx Ty a d x y a x y X      

 

where ,   . If   ,nF T   the set of all fixed points of 
nT , then T  has a unique fixed 

point.  
 

Moreover    nF T F T . 

 

Proof: If 1n  , then it is trvial. Take 1n  .Let x X  such that x Tx . Now for each a X , 

   2( , , ) ( ( , , ))d Tx T x a d x Tx a x X     . Let  nx F T . 

 

Now     1( , , ) ( , , )n nd x Tx a d T x T x a  
 

 

             1 1( ( , , )) ... ( ( , , )) 0 as n n nd T x TT x a d x Tx a n          

 

  Using the property of , we have , , 0 . So ( )d x Tx a x Tx x F T    
 

    and hence .nF T F T  

 

Theorem 1.13 
 

Let (X, d) be a 2-metric space suppose. Let    and .   Suppose that :T X X  be an 

orbitally lower semi-continuous map such that for eacha X , 
 

   ( , , ) ( ( , , )), ,d Tx Ty a d x y a x y X     . 

 

Then there exist a unique fixed point of T in X . 
 

Proof: Let 0x X . Let 0
n

nx T x .Let nx u  as n . 

 

As T is orbitally lower semi continuous. We have    1, , liminf , ,n n
n

d u Tu a d x x a


 . 



 
 
 
 

Saha and Dan; JSRR, 7(2): 86-96, 2015; Article no.JSRR.2015.190 
 
 

 
92 

 

Now       1( , , )  liminf , , 0 0n n
n

d u Tu a d x x a  


   .  So , , 0d u Tu a  implying that u  is 

the fixed point ofT . Uniqueness of u is also clear. 
 
We now cite an example (see Example 1.14) of an operator which is not a contraction but 

 ,  contractive operator having a unique fixed point.  

 
Example 1.14 
 

Let
1 1

0,1, , ,...
2 3

X
 

  
 

. Define of :d X X X     by  , , 1d x y z   if x, y, z are distinct and 

 
1

1 1
, , ,

1 n

x y z
n n 

 
 

 
 for some positive integer n and  , , 0d x y z   otherwise. Then  ,X d  is 

a complete 2-metric space [12]. 
 

Define :T X X  by 

  
1 1

, 1
1

T n
n n

 
  

 
 

     and     0 0T  . 

 

Define    0, 0,     by 

    0, 0,1t t    

         = log , 1.t t   

 

Clearly   is continuous and non decreasing satisfying   0t   iff t = 0. So   . 

Also define    : 0, 0,     by 

 

 
4

5
t t  ,  0,t  . Also  t t  . So    

 

Now the following possible cases arise. For , ,x y a X  

 

Case I:    , , 0, , , 0d x y a d Tx Ty a  , Case II:
 

 , , 1, ( , , ) 0d x y a d Tx Ty a   Case III:

  , , 1, ( , , ) 1d x y a d Tx Ty a  ,        Case IV:       , , 0, ( , , ) 1.d x y a d Tx Ty a    

 

For case I:  ( , , ) (0) 0 and ( ( ( , , ))) ( (0)) (0) 0d Tx Ty a d x y a            

 

For case II:  ( , , ) (0) 0 and ( ( ( , , )))= ( (1))= (log1)= (0)=0d Tx Ty a d x y a           

 

For case III: ( ( , , )) (1) log1 0 and ( ( ( , , ))) ( (1)) 0d Tx Ty a d x y a           

 

For case IV: ( ( , , )) (1) log1 0 and d Tx Ty a    ( ( ( , , ))) ( (0)) (0) 0d x y a        
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Thus we see that :T X X is  ,  contractive.  If 
1

1,
2

x y   , then 
1 1

,
2 3

Tx Ty  . Take 

1

4
a  . Hence ( , , ) 1 and ( , , ) 1.d Tx Ty a d x y a   So there does not exist any 0 1   such that 

( , , ) ( , , )d Tx Ty a d x y a  holds. Hence T is not a contraction operator. Also T  has a unique fixed  
 

point 0. 
 

We now put an example (see Example 1.15) in which  ,X d  is not complete but the mapping 

:T X X  is  ,   contractive without having a fixed point in X . 

 

Example 1.15 
 

Let X   be the set of real numbers with a 2-metric defined by  , , 0d x y z   if at least two of 

three points are equal and  , , 2d x y z  , otherwise. Then  ,X d  is a 2-metric space. But it is not 

complete. Let ,   are the functions as defined in Example 1.14. 

 

Define :T X X  by   1 ,T x x x X   . But T  has no fixed point in X. Although T  is  ,   

contractive. 
 

We shall now show an example (see Example 1.16) of an operator :  which T X X is not 

 ,  contractive, but X  is complete.  

 

Example 1.16 
 

Let X  X , and let d be a 2-metric which expresses  , ,d x y u  as 

area    1 2 1 2 1 2 of the Euclidean triangle with vertices , , ,  and ( , ).x x x y y y u u u  
 

Then 

 ,X d  is a complete 2-metric space (refer to [16]). Let :T X X  be defined by   

 

      , 3 , , ( , ) 0,0T x y x y x y   and    0,0 1,1T  . T  has no fixed point in X. Clearly T  is not 

 ,  contractive.  

 

2. SECTION-2  
 
Definition 2.1 
 

A mapping    : , ,T X d X d  is said to be a ( , )k contractive mapping if for each a X  there 

exist a 
1

0
2

k   such that   

       ( , , ) ( , , ) ( , , )  for all , .d Tx Ty a k d x Tx a d y Ty a x y X        

 

Theorem 2.2 
 

Let  ,X d be a complete 2-metric space. Let T be a  ,k  mapping of X onto itself. 
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Then T has a unique fixed point .X . Also for each x X , the iterative sequence  
1

n

n
T x


 is 

converging to the fixed point of T . 
 

 Proof: Let 0x X  and define a sequence  nx by 1 0
n

n nx Tx T x   , for anyn� . Now for each 

,a X  

 

     2 2
0 0 0 0 0 0( , , ) ( , , ) ( , , )d Tx T x a k d x Tx a d Tx T x a       

   2
0 0 0 0 and we get ( , ) ( , , )

1

k
d Tx T x a d x Tx a

k
 

 
  

 
. 

 

       0 0 0Now for each , , , , , , , , ,n n na X d z Tz a d z T x a d T x Tz a d z T x Tz     (2.2.1) 

 

Also      1
0 0 0( , , ) ( , , ) ( , , )n n nd T x Tz a k d T x T x a d z Tz a         (2.2.2) 

 

and      1 2 1 1
0 0 0 0 0 0( , , ) ( , , ) ( , , )n n n n n nd T x T x a k d T x T x a d T x T x a         . So 

     
2

1 2 1 3 2
0 0 0 0 0 0( , , ) ( , , ) ( , , ) ...

1 1
n n n n n nk k

d T x T x a d T x T x a d T x T x a
k k

         
     

    


  0 0( , , )
1

n
k

d Tx x a
k


 
 

 
. So  1

0 0, , 0 as .n nd T x T x a n    

 

 Thus for each ,a X  
 

 1( , , )n nd x x a   0 1( , , )
1

n
k

d x x a
k


 

  
 

 and hence by Lemma 1.8  1lim , , 0n n
n
d x x a


 . 

 

Thus for any positive integer k  and for each a X  we get  lim , , 0n n k
n
d x x a


 . So  

 nx  is a Cauchy sequence in X  and hence by completeness of X 0
nT x z  as n . 

By using (2.2.1) and (2.2.2) we have for each ,a X    0, , lim , ,n

n
d z Tz a d T x Tz a and so  

       0 0( , , ) (lim , , ) lim ( , , ) ( , , ).n n

n n
d z Tz a d T x Tz a d T x Tz a k d z Tz a      Hence 

 ( , , ) 0d z Tz a  and so  , , 0d z Tz a  , implying that Tz z . Uniqueness of z is also clear.   

 

Theorem 2.3 
 

Let  ,X d  be a 2-metric space. Let T be a  ,k  contractive mapping of X onto itself. If for any 

positive integer n ,  nF T   then T has a unique fixed point in X . Moreover    nF T F T .  

 

Proof: Let  nT x x x X  . For 1n  , the result is trivial. Put x Tx . Now for each ,a X  
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   1( , , ) ( , , )n nd x Tx a d T x T x a     ( , , ) 0 as .
1

n
k

d x Tx a n
k


 

   
 

 

 

  So , , =0 and hence .d x Tx a x Tx  Clearly  is unique.x  The second part is trivial. 

 

Theorem 2.4 
 

Let  ,X d be a 2-metric space. Let T  be a  ,k  mapping of X  onto itself. 

Then there exist a unique fixed point in X . 
 

Proof: Let 0x X . Let 0
n

nx T x . Let nx u X   as n . As T is continuous 0
nT x Tu  as 

n   and so u Tu  and u is unique. 
 

We now cite an example of a mapping which is  k, contractive but not a contractive mapping in a 

2-metric space. The following Example 2.5 supports our contention. 
 

Example 2.5 

Consider  and :X T X X  as given in Example 1.14. Take 
1 1 1

,  and 
2 3 2

x y a   and we see 

that    , , , ,d Tx Ty a d x y a does not hold. Hence T  is not contractive.  Let
1

3
k  . 

Take ( ) 4x x  . So   .It is a routine exercise that T  is a  ,k contractive mapping. 

 
3. CONCLUSION 
 
Existence of fixed points for a class of contractive 
mappings in a 2-metric space has been 
established by weakening the hypothesis, 
retaining the convergence property of successive 
iterates of maps as available in current 
literatures. Suitable examples have been cited 
either to support our theorems or to examine the 
validity of the conditions assumed in theorems. 
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