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ABSTRACT

In a setting of 2-metric space we have proved some existence theorems for fixed points of (¢,y/)
contractive maps and (.k) contractive maps which are certain generalization of contractive maps
existing in the literatures.

Keywords: 2-metric space; (¢, l//) contractive maps; (¢,k) contractive maps; fixed point.

1. INTRODUCTION Banach contraction Theorem on a 2-metric
space was initiated by Iseki et al. [4] and Iseki
The concept of 2-metric space and its [5]. They proved that a Banach type contraction
subsequent study could be found in a series of maps on a bounded complete 2-metric space
papers of S. Gahler [1- 3]. The analogue study of possesses a unique fixed point. Existence of
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fixed points and common fixed points of different
kinds of contractive mappings over a 2-metric
space has been examined by Iseki [5], Rhoades
[6], Saha and Mukherjee [7], Saha and Dey
[8,9], Saha et al. [10,11], Naidu and Prasad [12]
and by many others. Recently many
generalizations of the contractive maps dealt with
fixed points in a setting of metric spaces as well
as 2-metric space have been proved by
weakening the hypothesis retaining the
convergence property of the successive iterates
of maps. One such theorem has been proved by
Boyd and Wong [13] in metric spaces. In this
paper we have introduced a certain class of
contractive operators namely (4.9) contractive

operators and (4.k) contractive operators that
Section-1
PRELIMINARIES

Definition 1.1

ensure the existence of fixed points in a 2-metric
space. Here in light of Banach [14] and Kannan
[15] we have been able to prove some fixed point
theorems in two sections for a class of (4, ¢)

contractive maps and (¢,k) contractive maps

respectively in a setting of 2-metric space.
Examples have been cited either to support our
theorems or to examine the validity of the
conditions assumed in theorems.

AMS Subject Classification (2000):
47H10, Secondary 54H25.

Primary

Before going to our main results we recall the
following basic definitions and supporting lemma.

Let X be a non empty set. A non negative real valued function d : X x X x X — R is said to be a 2-

metric if the following conditions hold:
(
(i)
(
(

iv)

i) For two distinct elements x, y of X, there exist an element z of X such that d(x, y,Z) #0
d(x,y,z) =0, when at least two of x,y,z€ X are equal

i) d(x,y,z) = d(x, Z,y) = d(z,y,x) forall x, y, z in X and
d(x,y,z) < d(x,y,w)+d(x,w,z)+d(w,y,z) forallx,y,z,we X .

If d is a 2-metric over X, then the ordered pair (X,d) is termed as a 2-metric space.

Definition 1.2

A sequence {xn} in (X,d) is said to be a Cauchy sequence if for eachae X,

lim d(x,,x

n,m—>0

a)=0.

m?

Definition 1.3

A sequence {xn} in (X,d) is said to be convergent to an element x, € X if for eachae X,
limd(xn,xo,a) =0.We denote it by x, = x,asn — 0.

In general every Cauchy sequence is not convergent in a 2-metric space. For this we refer to [10].

Definition 1.4

(X, d) is said to be a complete 2-metric space if every Cauchy sequence in (X,d) is convergent to

an element of X.
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Definition 1.5

A mapping T:(X,d)—)(X,d)is said to be continuous at x,eXif for
eachae X ,d(x,,x,,a) > 0as n— woimplies d(Tx,,Tx,,a) = 0asn — oo ,equivalently x, — x,

as n — oo implies Tx, = Tx, asn — 0.
Definition 1.6

A mapping G: X — R is said to be T orbitally semi-continuous at z € X if {xn} is a sequence in

0(x,») and x, =z as n — wimplies G(z) <liminf G(x, ).

n—0

Let ¢: [0,00) - [0,00) be a function such that
(i) ¢ is continuous and non decreasing
(i) ¢(¢)=0 ifandonlyift=0.

Let us denote the collection of all such function ¢ by ®.

We now denote by ¥ , the set of all functions  : [O,oo) - [O,oo) such that

(a) w isright continuous and non decreasing
(b) w(r)<t forallz>0.

Definition 1.7

A map T:(X,d)—)(X,d) is said to be (¢,l//) contractive map if for each ae X,
¢(d(Tx,Ty,a)) Sz//(¢(d(x,y,a))) forallx,ye X .

Lemma 1.8

[4] If we¥ then liml//”(t)zo for each >0 and if ¢e®,{an}g[0,oo) such that

n—0

limg¢(a,)=0 thenlima, =0.

n—>0 n—w

Theorem 1.9

Let (X, d) be a complete 2-metric space and let T: X — X be a (¢,1//) contractive map. Then there

exist an unique u# € X such that u=Tu.

Proof: Fixx € X . Set x,,, = Tx, withx, = x. Then for each a € X
¢(d(xn’xn+l’a)) = ¢(d(Txn—l’Txn’a)) = ¢(d (T‘xn—l’Tz‘xn—l’a))
<Y (p(d (%,,.%,.a)) PP (%, 0%, .0) < . <" (9(d (30, %,,a)))

So by Lemma 1.8, limd (x,,,,x,,a)=0.
n—w
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Now by the principle of mathematical induction we have limd (xn,xn+k,a) =0,k=12,...

n—>00

So {xn} is a Cauchy sequence inX . Since X is complete there exist a u € X such that

limx, =uekX,ie. limd(xn,u,a)zo foreach ae X .

n—x0 n—>0

Now foreacha € X,
d(u,Tu,a)<d(u,x,,a)+d(x,,Tu,a)+d (u,x,,Tu)
and
¢(d(xn,Tu,a)) = ¢(d(TxH,Tu,a)) < l//(¢(d(xn71,u,a))) —>0asn—w
Hence lim¢(d (x,,Tu,a))=0. Sod (u,Tu,a) =0 implying that u = Tu . Uniqueness of u is also
n—w
clear.
Corollary 1.10
Let (X, d) be a 2-metric space. Let ¢ € @ and € ¥ . Suppose that T is a continuous mapping of

X onto itself such that T is (¢,l//) contractive. If for some x, € X x, =T"x, >yeX as n—>wo
then y is the unique fixed point of 7.

Proof: Clearly for each a € X,d (xn,y,a) — 0 as n — o . By routine calculation we get

#(d(x,,x,,,a)) <y"(#(d(x,,x,a))). So by Lemma 1.8, d(x,,Tx,,a) >0 asn — .

n?

Now d(Txn,,y,a)S d(xn,Txn,a)Jrd(xn,y,a)-l—d(x Txn,y) — 0 asn — ooimplying that

Ix,—>y asn — ©. (1.10.1)

Clearly ¢(d(Txn,T2xn,a)) < l//(¢(d(xn,Txn,a))) — 0 as n — oo and hence

d(Tx szn,a)—>0 asn—» 0.

n?

Also d(xn),szn,a)S d(xn,Txn,a)-l—d(Txn,szn,a)-I—d(xn,Txn,szn). (1.10.2)

n?

But ¢(d (xn,Txn,szn )) <y (¢(d(x,,Tx,,Tx, , ))) = 0. Consequently d (x Tx,,T’x, ) =0
From (1.10.2) we have
d (x

n,”

szn,a)ﬁd(xn,Txn,a)Jrd(Txn,szn,a)—)0 asn —> 0.

and so by (1.10.1), szn — y as n — . Since T is continuous, we have
Ty = T(lim Ix, ) =1lim7°x, = y . Uniqueness of y follows trivially.

n—ow n—o0

Theorem 1.11

Let (X, d) be a complete 2-metric space suppose 1 : X — X be such that foreacha € X ,

89



Saha and Dan; JSRR, 7(2): 86-96, 2015; Article no.JSRR.2015.190

o(d (Tx, Ty, a)) <wy(p(d (x,y,a)))Vx,y € X, where ¢ € ®, v € Y. Assume further that ¢ is sub-
additive. Then

() ImT"x=u exist

n

(ii) ¢(d(T”x,u,a))S%(ﬂd(x,Tx,a)))and

(iii) d(u,Tu,a)zO if and only if G(x)zd(x,Tx,a) is T-orbitally lower semi-continuous at
xeX.

Proof: By Theorem 1.9, (i) is clear. Let x, € X is fixed. Set x, ,, =Tx, withx, =x. Take for a

positive integer . Then for each a € X
#(d (T"x,,T""'x,,a)) < ... <" (§(d (x,,x,,a))).Let p and q are integers such that p > ¢ .Then
#(d(x,.x,.a)) <y (¢(d(xy.x, ,.a))
Aiso d(x, . x.a)<d(x, ,.x, , a)+d(x, x5, %) +d(x,, . %.a)
Now ¢(d (x, ,.x, ,.a) Sy’ ($(d (xy,x,.)))
and so B(d(x, X, 1. % ) Sp" 7 (B(d (%0,%,.%, ) < #(d (%,.%,.%,)) = 0. So
d(x, X, ,1.%)=0.

p—q°""p—q-1°

IA

Hence d(xpfq,xo,a) d(xpfq,xpqul,a)ntd(xpqul,xo,a)

IA

(xpfq,xpqul,a)Jrd(xpqul,xpquz,a)Jrd(xpquz,xo,a)
X, X

d
d( g p_q_l,a)+d(xp_q_l,xp_q_z,a)+...+d(xl,xo,a).

IA

Using the property of ¢, we get

(d (xpfq’x()’a)) < l//piqil (¢(d(x17xoaa))) +Wp7q72 (¢(d(x1=xoaa)))+~~-+ ¢(d(x1=xoaa))
Hence
B (x,,%,)) <p [0 (B (3130,@)) + 072 (55 @)) + 4 9 (51,5 0)]

wl
< Ty (¢(d(xl,x0,a)))

q
i.e., ¢(d(T”xO,T"xo,a)) <Y (¢(d(xl,x0,a))). Letting p — o0, we have
1-y
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q

(¢(d (Txo,xo,a))) and so (ii) is proved.
7

o(d (T"xo,u,a)) < ll/:

Itis clear that d(u, Tu,a) = 0 implying that G(u) is -orbitally lower semicontinuous at

Now x, =T"x —u as n — 0. Since G is T-orbitally lower semi-continuous at # € X we have

0<G(u)=g(d (u,Tu,a)) <liminf ¢(G(x, )) < liminf y ($(G (%, ) <... < liminf y" (H(G (%, Tx,,a))) = 0.

So d(u,Tu,a) =0.
Theorem 1.12

Let (X, d) be a 2-metric space suppose 1 : X — X satisfies
¢(d (Tx,Ty,a)) <y (p(d (x, p,a))Vx,y € X

wheregpe @,y eV . If F(T”)¢ ¢, the set of all fixed points of 7", then T has a unique fixed
point.

MoreoverF(T”)z F(T).

Proof: Ifn=1, then it is trvial. Take n>1.Let x€ X such thatx#7Tx. Now for each aec X,
#(d(Tx,T°x,a)) <y (p(d (x,Tx,a)))Vxe X . Letxe F(T").

Now  ¢(d(x,Tx,a))= ¢(d(T"x,T"”x,a))
<y ((d(T"'x,TT"'x,a))) <...<y"(¢(d (x.Tx,a))) > 0 as n —> o

Using the property of ¢, we have d (x,Tx,a)=0=x=Tx. Sox € F(T)
and henceF(T")zF(T).
Theorem 1.13

Let (X, d) be a 2-metric space suppose. Let ¢ € ® and € Y. Suppose that 7: X — X be an
orbitally lower semi-continuous map such that foreacha € X ,

#(d (Tx,Ty,a)) <y (p(d (x,y,a)),Vx,y € X .
Then there exist a unique fixed point of Tin X .

Proof: Letx, € X . Let x, =T"x, .Let x, >u as n —> 0.

As T is orbitally lower semi continuous. We have d (1, Tu,a) <liminf d (x,,x,,,,a).

n—»w
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Now ¢(d (u,Tu,a))<¢ (liminfd(xn,xn+l,a)) =¢(0)=0. Sod(u,Tu,a)=0implying that u is
the fixed point of T . Uniqueness of u is also clear.

We now cite an example (see Example 1.14) of an operator which is not a contraction but
(¢,(0) contractive operator having a unique fixed point.

Example 1.14
11 N
Leth{O,l,E,g,..}. Defineof d : X x X xX — R" by d(x,y,z)zl if x, y, z are distinct and

1 1
{—,—l} c {x,y,z} for some positive integer n and d(x,y,z) =0 otherwise. Then (X,d) is
nn+tlj

a complete 2-metric space [12].
Define T: X > X by
T(lj = ! ,n>1
n) n+l

and T(O)zO.

Define ¢[O,oo) - [0,00) by
#(1)=0,1€[0,1)

= logt,t >1.

Clearly ¢ is continuous and non decreasing satisfying ¢(t) =0ifft=0.So g D.
Also define  :[0,00) —[0,0) by

l//(t)=§\/;, te[0,0). Also y(t)<t.S0 y eV

Now the following possible cases arise. For x,y,a € X

Case I: d(x,y,a)zO,d(Tx,Ty,a)zO, Case I d(x,y,a)zl,d(Tx,Ty,a)zO Case |l
d(x,y,a)zl,d(Tx,Ty,a)zl, Case IV: d(x,y,a)zO,d(Tx,Ty,a)zl.

For case I: ¢(d(Tx,Ty,a)) = ¢(0) =0 and y(¢(d(x, p,a))) =y (¢(0)) =y(0) =0
For case II: ¢(d(Tx,Ty,a)) = ¢(0) =0 and y (4(d(x, y,a))=y (¢(1))=y (logl)=y (0)=0

For case Ill: ¢(d(Tx,Ty,a)) = ¢(1) =logl =0 and w(4(d(x,y,a))) =y (4(1)) =0

For case IV: ¢(d(Tx,Ty,a)) =¢(1)=logl =0 and w(4(d(x,y,a)))=w(#(0))=w(0)=0
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1 1 1
Thus we see that T:X—)Xis(¢,q0)contractive. If x=1,y=5 , then szz,Tyzg. Take

1
a= 7 Hence d(Tx,Ty,a)=1and d(x, y,a)=1. So there does not exist any 0 <« <1 such that
d(Tx,Ty,a) < ad(x,y,a) holds. Hence T is not a contraction operator. Also 7' has a unique fixed
point 0.

We now put an example (see Example 1.15) in which (X,d) is not complete but the mapping

T:X—>Xis (¢,t//) contractive without having a fixed point in X .

Example 1.15

Let X =IR be the set of real numbers with a 2-metric defined by d(x,y,z) =0 if at least two of

three points are equal andd(x,y,z) =2, otherwise. Then (X,d) is a 2-metric space. But it is not

complete. Let ¢, are the functions as defined in Example 1.14.

Define T: X > X byT(x)=1+x,xeX. But 7' has no fixed point in X. Although T is (¢,l//)
contractive.

We shall now show an example (see Example 1.16) of an operator T :X — X which is not
(¢,t//)contractive, but X is complete.

Example 1.16

Let X =R*XR*, and let dbe a 2-metric which expresses d(x,y,u) as
area of the Euclidean triangle with vertices x = (x,,x, ),y =(»,,»,) and u = (u,u,). Then

(X,d) is a complete 2-metric space (refer to [16]). Let 7: X — X be defined by

T(x,y)= 3(x,y),((x,y) # (0,0)) and7(0,0) =(1,1). T has no fixed point in X. Clearly T is not
(¢, W) contractive.

2. SECTION-2

Definition 2.1

A mapping T : (X,d) - (X,d) is said to be a (@, k) contractive mapping if for each a € X there

exista 0<k <% such that
#(d (Tx,Ty,a)) < k| ¢(d (x,Tx,a))+ #(d (y,Ty,a))] forallx,y € X.
Theorem 2.2

Let (.X,d ) be a complete 2-metric space. Let T'be a (¢, k) mapping of X onto itself.
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Then T has a unique fixed point X.. Also for eachx e X, the iterative sequence {T”x} is

nzl

converging to the fixed point of T .

Proof: Let x, € X and define a sequence {xn} byx,,, =Tx, =T"x,, for anyn €[] . Now for each

n+l
ae X,

$(d (T, T7x,, @) < k| §(d (x,,Tx,, @) + $(d (T, Txo,a)) |

and we get ¢(d (T, T°x,a ))<(1 k jgzﬁ(d(xo,Txo, ).
Now for each a € X,d(z,Tz,a) < d(z,T”xO,a)+d(T"xo,Tz,a)+d(z,T"x0,Tz) (2.2.1)
Also ¢(d (T"x,,Tz,a)) < k[gb(d (7" %, T a ) +9(d (2, T, a))] (2.2.2)

and ¢(d(T”_1x0,T"x0,a)) < k[¢(d(T”_2x0,T"_1xo,a))+¢(d(T"_1x0,T”xo,a))] . So

IA

¢(d(T"'x0,T”x0,a))<(l j;zﬁ(d(T” 2x,,T"'x,,a ))<(1k j¢(d(r" . T" P x,a)) <.

<(1kkj ¢(d(Tx0,X0, ))SO d(T”—leanija)_)Oasn_)oo'

Thus foreacha e X,

no

#(d(x,,x,,.a ))<(1ic j ¢(d (x,,x,a)) and hence by Lemma 1.8 liil;d(xn+l,x a)=0.

Thus for any positive integer k and for each a € X we getlimd (x,,x,,,,a)=0.So

n—>o0

{xn} is a Cauchy sequence in X and hence by completeness of X T”xo —>ZzZas n—>o.

By using (2.2.1) and (2.2.2) we have for each a € X, d(z,Tz,a) < limd(T”xo,Tz,a) and so
#(d(z,7z,a)) < g(limd (T"x,,Tz,a)) < lim §(d (T"x,.Tz,a)) < k¢(d (z.Tz,a)).Hence

¢(d(z,Tz,a)) =0and so d(z,Tz,a) =0, implying that 7z = z . Uniqueness of z is also clear.
Theorem 2.3

Let (X,d) be a 2-metric space. Let T be a (¢,k) contractive mapping of X onto itself. If for any
positive integer n , F(T") # ¢ then T has a unique fixed point in X . Moreover F(T"): F(T).

Proof: LetT"x = x(x € X) .Forn =1, the result is trivial. Put x # Tx . Now for each a € X,
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#(d (x.Tx,a)) = ¢(d (T"x,T""x,a)) < (%) #(d (x,Tx,a)) = 0 as n — o.

So d (x,Tx,a)=0 and hence x = Tx. Clearly x is unique. The second part is trivial.
Theorem 2.4

Let (X,d) be a 2-metric space. Let T be a (¢,k) mapping of X onto itself.

Then there exist a unique fixed point in X .

Proof: Letx, € X . Let x, =T"x,.Let x, >u€ X as n— . As Tis continuous 7"x, = Tu as

n— o andso u=7Tu and u is unique.

We now cite an example of a mapping which is (¢,k) contractive but not a contractive mapping in a
2-metric space. The following Example 2.5 supports our contention.

Example 2.5

1
y=— andazEand we see

1
Consider X and 7: X — X as given in Example 1.14. Take xZE, 3

1
that d(Tx,Ty,a)<d(x,y,a)does not hold. Hence 7T is not contractive. Letkzg.

Take ¢(x) =4x.So ¢ € © .ltis a routine exercise that T is a (¢,k) contractive mapping.
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