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Abstract

In this paper we introduce some strongly summable double sequence spaces defined by a
sequence of Orlicz functions over n-normed spaces. We also study some topological properties
and inclusion relation between these spaces.
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1 INTRODUCTION

A double sequence is a double infinite array of elements x;; € R for all k,I € N. The initial
works on double sequences is found in (Bromwich, 1965). Later on, it was studied by Hardy
(1917), Moricz (1991), Moricz and Rhoades (1988), Tripathy (2003, 2004), Basarir and Sonalcan,
(1999) and many others. Hardy (1917) introduced the notion of regular convergence for double
sequences. The concept of paranormed sequences was studied by (Nakano, 1951) and (Simmons,
1951) at the initial stage. The concept of 2-normed spaces was initially developed by (Gahler,
1961) in the mid of 1960’s while that of n-normed spaces one can see in (Misiak 1999). Since,
then many others have studied this concept and obtained various results (Gunawan , 2001;
Gunawan and Mashadi, 2001). By the convergence of a double sequence we mean the
convergence of the Pringsheim sense i.e. a double sequence x = (xj,;) has Pringsheim limit L
(denoted by P — lim x = L) provided that given € > 0 there exists n € N such that |xk’l - L| <e
whenever k,l > n, (Pringsheim, 1900). We shall write more briefly as P-convergent. The double
sequence x = (X ;) is bounded if there exists a positive number M such that |xk_l| < M for all k

and [. Let I, the space of all bounded double sequence such that || X o= SUPg, |xk_l| < oo.
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The notion of difference sequence spaces was introduced by (Kizmaz, 1981), who studied the
difference sequence spaces [,(A), c(A) and cy(A). The notion was further generalized by Et and
Colak (1995) by introducing the spaces [,,(A™), c(A™) and c,(A™) .

Let w be the space of all complex or real sequences x = (x;) and let m,s be non-negative
integers, then for Z = 1, ¢, ¢, we have sequence spaces Z(AT) = {x = (x;) € w: (A'xy) € Z3,

where ATx = (A" x,) = (A" 1x, — AT 1x,.,) and Alx, = x, for all keN, which is
equivalent to the following binomial representation

m
m
AT xy = Z(_l)v (‘U) Xk+sv -
v=0

Taking s=1, we get the spaces which were studied by Et and Colak (1995). Takingm =s =1, we
get the spaces which were introduced and studied by Kizmaz (1981).

An Orlicz function M is a function, which is continuous, non-decreasing and convex with
M(0) = 0, M(x) > 0 forx > 0and M(x) > wasx — oo,

Lindenstrauss and Tzafriri, (1971) used the idea of Orlicz function to define the following

sequence space,
_ . ||
ly=3{x€w: M(—) < ooy,
k=1 p

which is called as an Orlicz sequence space. The space [, is a Banach space with the norm

Ix = inf!p >0: ZM(“CT"') < 1!.
k=1

It is shown in Lindenstrauss and Tzafriri, (1971) that every Orlicz sequence space [, contains a
subspace isomorphic to L,(p = 1). The A,-condition is equivalent to M(Lx) < k LM (x) for all
values of x = 0, and for L > 1.

A double sequence space E is said to be solid if ay ;x;; € E whenever x;; € E and for all double
sequences a; of scalars with |C¥k,z| < 1,forallk,leN.

A sequence space E is said to be monotone if it contains the canonical preimages of all its step
spaces.

Let A = (4,) be a non-decreasing sequence of positive numbers tending to infinity and A,,; <
A+ + 1,1; = 1. The generalized de la Vallee-Poussin mean is defined by

1
t-(x) = /1—2 X, I =[r— 4.+ 1,r].

rkelr
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A single sequence x = (x) is said to be (V,1)-summable to a number L if t,.(x) > L asr — o
(Leinder, 1965). If A. =7, then the (V,A)-summability is reduced to (C,1)-summability
(Silverman, 1913; Toeplitz, 1913).

The double sequence A, = (4,,,,) of positive real numbers tending to infinity such that

A’m+1,n < A’m,n + 1! A’m,n+1 < Am,n + 1!
Am,n - A’m+1,n < A’m,n+1 - Am+1,n+1!/11,1 =1,

and
Ipn = {e,D:m— Apn+ 1 <k <mn—Ap,+ 1 <1 <n}

The generalized double de la Vallee-Poussin mean is defined by

1

tnn = tm,n(xk,l) = Xie,1-

T () € I

A double number sequence x = (x;,;) is said to be (V;,4;)-summable to a number L if P —
lim,, , tp,n = L. If Ay, , = mn, then the (V3, A;)-summability is reduced to (C, 1, 1)-summability
see (Robinson, 1926). We write

1
[V, 2] = 4x = (x,): P — lim P Z |xxs — L| =0, for some L

mn
T (k1) € Imn

for set of double sequence x = (xk,l). We say that x = (x;,;) is strongly [V, 4;]-summable to L,
thatis x = (x;) = L ([Va, A5]).

Let n e N and X be a linear space over the field K, where K is field of real or complex numbers of
dimension d, where d > n > 2. A real valued function |[., ...,.|| on X™ satisfying the following
four conditions:

1 %, x2, ..., x5ll =0 ifand only if x;, x5, ..., X, are linearly dependent in X;

(2)  |lx1, x5, ..., x|l is invariant under permutation;

3)  Naxy, x5, ., X0l = la|llxqy, x3, ..., x,]|| for any a € K, and

“4) ||x+ X, Xz, e, xn” < lx, xg, ., x50l + ||x Xg e s xn”
is called an n-norm on X and the pair (X, ||., ..., . ||) is called a n-normed space over the field K.
For example, we may take X = R" being equipped with the Euclidean n-norm ||x;, x5, ...,
Xn||g = the volume of the n-dimensional parallelopiped spanned by the vectors x;, Xz, ..., Xy

which may be given explicitly by the formula

”xlerl ---;xn”E = |dEt(xU)|'

where x; = (X1, Xiz, -, Xin) € R™ for each i = 1,2,...,n.Let (X,].,...,.]]) be an n-normed
space of dimension d > n =2 and {a4, a,,.., a,} be linearly dependent set in X. Then the
following function ||., ...,. ||, on X®~! defined by
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121, %2, oy Xp_1ll = max{||xy, x5, ., Xp_q, il i = 1,2,...,n}
defines an (n — 1)-norm on X with respect to {a,, a,, ..., a,}.
A sequence (x;) in a normed space (X, ||, .....,.||) is said to converge to some L € X if
I}qullxk — L,zy, ..., 2y_4|| =0 for every zi,....,z,_1 € X.
A sequence (x) in a normed space (X, |., .....,.|) is said to be Cauchy if
k’LirEw”xk = Xp,Zq, .,zn_1|| =0 forevery zy,...,Z,_1 € X.

If every Cauchy sequence X converges to some L € X, then Xis said to be complete with respect to
the n-norm. Any complete n-normed space is said to be n-Banach space.

Let X be a linear metric space. A function p: X — R is called paranorm, if

(1) p(kx) = 0,forallx € X,

2) p(—x) = p(x),forall x € X,

3) px+y) < px)+py), forallx,y € X,

(4) if (4,) is a sequence of scalars with 4, — 4, as n — o and (x,) is a sequence of
vectors with p(x,, —x) = 0 asn = o, then p(4,x, — Ax) = 0 as n — oo.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and the pair (X, p) is
called a total paranormd space. It is well known that the metric of any linear metric space is given
by some total paranorm (see (Wilansky, 1984, Theorem 10.4.2, p-183). For more details about
sequence spaces please see Esi (2009, 2011), Raj et al. (2010, 2011) and Tripathy et al., (2005).

The following inequality will be used throughout the paper. Let p = (py,;) be a bounded
sequence of positive real numbers with 0 < p;; < sup,; = H and let K = max{1, 271},
Then for the factorable sequences {ay;} and {b} in the complex plane, we have

a.D |as + bral™" < K(laga|™ + [be] ™).

Let M = (My,;) be a sequence of Orlicz functions and p = (py,;) be a factorable double sequence
of strictly positive real numbers. In the present paper, we define the following sequence spaces:

[Va, 42, M, A,p, 1., ooes - ll]0 = {x = (x1): P — limm,nﬁ 2 ke In [Mk,l (”%,ZL ~-~,Zn—1||)]pkl =0,
for some p > 0},
[Va, 22, M, A ., oo ]y = {x = (xk,l):P - 1imm,ni Z(k,l)elmvn [Mk,l (||M’C'%L,Z1,---,Zn—1”)]pkll =

0, for some some L and p > 0}

and
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[VZ'AZ'M' A,P, ”: ey ”]cc
=4x= (xk,l): sup Z [Mk’l (”Axk'l,zl, ...,Zn_l”)]pkl < oo,
mn Am,n (kDe nn p
for some p > 0}.
If we take M (x) = x, we get
WV Az, 8, s Mo = = (o) P = T 2 Sene g [([ 22202 )] ™ = 0,
for some p > 0},
WV Az A s s = = ()i P = T = S [([ 25 20, ez )] = 01
for some some L and p > 0}
and
[VZ'AZ'A'p:”-:--}-'- o = {x = (xk,l): Supm,nﬁ Z(k,z)eIm,n [(”%'zp---.Zn_1||)]pk'l < o,
for some p > 0.
If we take p = (Pk,z) = 1, we get
[Vo, A2, M A, .., o = {x = (xk,l):limm,ni 2 ke In [Mk,l (”%,Zp '-"Zn—1||)] =0,
for some p > 0},
[V, A2, M A ., .y ]2 = {x = (xk,l): limm,nﬁ Z(k,l)slmm [Mk,l (”Axk;_L,Zl, ....,zn_1||)] =0,
for some L and p > 0}
and
[Vo, 22, M A, ., ey ] = {x = (x1): Supm,nljj 2 kDe n [Mk,l (”%'zb'"'zn—l”)] < o,

for some p > 0}.

In the present paper we plan to study some topological properties and inclusion relation between
the above defined sequence spaces.

2 SOME TOPOLOGICAL PROPERTIES

In this section of the paper we study very interesting properties like linearity, paranorm and some
attractive  inclusion  relation  between the  spaces [Vo, Ag, M, A, -, ooy - oo
[V2: 22: M: A: p, ”- yorege ”]1 and [VZ! AZ: M! A! D, ”- yorge “]oc

Theorem 2.1 Let M = (Mk,l) be a sequence of Orlicz functions and p = (Pk,z) be any bounded
factorable  double sequence of positive real numbers. Then the  spaces
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Vo, A2, M, A, p My e o [Va, A2, M A I oo, - ll]1 and [Vo, A5, M, A, I, ..., l], are linear
spaces over the field of complex number L.

Proof. Let x = (xk_l), y = (Yk,z) € [V, A2, M, A, p, ., ..., ll]- Let a,B € C. Then there exist
positive real number p,, p, such that
Pkl
)|' =0

1 Axkl
sup Z [Mk, <|| yZ1y ey Zp—1
P1

A
T e I

and

1 Axy
sup Z [Mk,l (”—,zl, werZn_q
P2

mmn
T (kD€ Imn

-

Let p3 = max(zlalpy,2IBlp,). Since My ;’s are non-decreasing and convex and therefore by using
inequality (1.1), we have
)]pk,l

1 Alaxy, + Byr)
sup My \[|[——————— 21, hZn
)+ (..
ré4n-1

A
mmn “‘mn (ke T P3

Aaxkl
= Sup~ My, v Zn—1
mn mn

I8

<K z 1 M Axy Pl
sup pk,l [ k,l (| 1 Z1y eer Zp—1 )]
e s (k,l)elm_nz P1
! 1 Ay Pkl
tK s Z P [Mkl<|—',21,...,zn_1 )]
k,l ’
mn Am, (D)€ I, 2 P2
Axy 1Pk
<K Sup~ [Mk,l(||_,21, oy Zyeq )
s (kDeImn P1 ]
A Pkl
+K sup~ My, (”ﬂz1 s )]
T ()€ nn P2
<.
Thus ax + By € [V, A3, M, A, |l., ...,. |- This proves that [V,, A5, M,A,p,|l., ...,. ] is a
linear  space.  Similarly, we can prove that [V, 45, M, A p,|.,..,.|llo and

[Vo, A2, M, A, p, |I., .., . |I]1 are linear spaces.
Theorem 2.2 Let M = (Mk,l) be a sequence of Orlicz functions and p = (pk,,) be any bounded

factorable double sequence of positive real numbers, then the space [V,, 45, M, A, p, ||, v ey 1]
is a paranormed space, paranormed by
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. Pkl 1 Axy
90 = inf{ ()'H* O e (P 2

)]pk,l H \
<1;,
Amin (kD)€ Inn j

where 0 < py; < suppy,; = G,H = max(1,G).

Proof. (i) Clearly g(x) = 0 for x = (xy;) € [V, 42, M, A, p, |l., ..., . ||l Since M, ;(0) = 0, we
get g(0) = 0.

(ii) g(=x) = g(x)
(iii) Let x = (xk,l),y = (yk,l)e [V, 25, M, A,p, ., .., - ||], then there exist p;, p, > 0, such that

1 Axkl Phl
2 ([t ma)] <
mn

(kD€ Imn

and

Axkl
[Mkl<|| 0 121y ey Zpn—1

)]pk'l <1

Let p = p; + p,. Then by using Minkowski’s inequality, we have

I
5

,Zl, ey Z‘I’l—l

™ (kD€ Imn

) Zl' ey Z‘I’l—l

ACc + Yir)
[ (P25

yZ1y ey Zpn—q

_ [ (”A(xkl + Vi)
fol p1t+ p2
Ay,

Dk
)+ ( )
P1 + p2
Aykl
) p1t P2 “ nt

Axy
< [Mk,l<
p1t+ p2

Axkl
= <p + p) [ kl(” 121 s Zn-1
1 2

and thus

,Zl, ’Z‘I’l—l

I8

=

Pkl 1 Ax +
g(x,y) = inf< (p, + p)H : <|| (Xt + Vi)

(p1 + p2)

™ (kD€ Imn

|-

. Pkl 1 Axy,
sl o (o S ([
1

™ (De Imn

- )
e
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Pkl H \
Z [Mkl<||Aykl s Znen )] 31}

Now, let A € C, then the continuity of the product follows from the following inequality:
1

) =
- )
| = 1f,

Pkl
n inf{ ()7 -

X Pkl 1 Allxk’l
g(Ax) = inf{ (p)H : Z [Mk,l (” 1y Z1y s Zn—q
A g £ p
WDeImn

Axy
Mk,l T,Zl, ey Zpn—1

where s = I;;I' This completes the proof of the theorem.

|-

™ (kD€ Imn

Pkl
= infi(llls) H :

Theorem 2.31If 0 < p; < qy; < © for each k and [, then
Vo, 22, M, A p I, ooy Ml & (Vo A2, ML A, g, s e (e

Proof. Letx = (xk_l) € [Vy, 45, M, A, p, |-, .., . ||]o» then there exists some p > 0 such that

1 Axkl Pkl
sup Z [Mk,l (” =, Z1, e r Zn—1 )] < oo.
mn nn wbet p

De mn

This implies that

Axk,l Dk,
Mk,l (|| P 121y 2 Zp—1 ) < 1,

for sufficiently large value of k and [. Since M, ,’s are non-decreasing, we get

Axkl Akl
s, 3, Pl
mn mn

Axkl Pkl
e N 0
mn mn

< 0,

Thus, x = (xk_l)e [Va, 42, M, A, q, |-, -, - l|].. This completes the proof of the theorem.

Theorem 2.4 (i) If 0 < infp,,; < py,; <1, then
[VZ'A'Z'M' A! P, ”: g ”]oc c [VZIA'Z! M: A: ”: e ”]oc

(i) If1 < pg; < suppg,; < o, then
Vo, A2, M A, vy Moo © [Vo, A, M A D -5 s M e

Proof. (i) Let x (xk,l) € [Vo, 42, M, A, p, |l ..., . |l Since 0 < infpy; <1, we have
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s ——Zq, e Zpy
n}:TI;.) Am,n k’l p Zl Zn !
1

(kD€ Imn
Axy
[Mk’l <||—p 121y ey Zpn—1

I

mn n
" (kDeImn
and hence x = (xk,,)e [V, A, MLA Ny ey oo,
(ii) Let py; for each (k,1) and supy; py; < . Let x = (xk_l)e [Va, 22, M, A5 oy - oo,

Then, for each 0 < ¢ < 1, there exists a positive integer N such that
Axk 1
- )] < e<1,

= > |
Mk,l( — 7
mn Amn U5 Tmn p

sup s s Zn—1

forallm,n > N. This implies that

Axkl Pkl
SUP 1] My, 1 Zn-1
m, TL

1 Axkl
< Sup Mkl Zyy ey Zpn-1

Amn

)|

Thus x = (xk_l)e [Va, 45, M, A, p, ., ., - l|], and thie completes the proof.

Theorem 2.5 For any sequence of Orlicz functions M = (M, ;) which satisfies A,-condition, we
have
[VZ!AZIA!p! ”'! en gy ” ] C [VZ! AZ:M:A! ”-! g ” ]'

Proof. Let x = (xk,)e Vo, 2,8, 01, s -1 D, then
Apn=P— supmn/1 Xk, l)e,mn|Axkl - L| for some L.

Let € > 0 and choose 6 with 0 < & <1 such that My,;(t) < € for 0 <t < 6. Write yy; =

|Axk,l - L| and consider
[Mk,z(Yk,l)]pk'l = Z + Z'

(k,De Imn 1 2

where the first summation is over y,; < & and the second summation over y,; > &. Since
M = (My,) is continuous. }; < € and for y;,; > &, we use the fact that y; ; < M <1+ ykl

Since M = (M) is non-decreasing and convex, it follows that

y 1
Mk,l()’k,l) < My, (1 + ﬁ) < Mkl(z) + Mkl (2

. YIcl).

1)

Since M = (M) satiesfies A,-condition, therefore

ykl
Mk,l(yk,l) < E s

Vit

Tl b (2) + = K : el

M (2) = K= 5 “ My (2).
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Hence,

da < max(l, K(Y‘le,l(Z))HAm,n, where H = supy,; px,;- This proves that
Vo, 22, 8,0, 11, ey 1] € Vo, 0, ML AL, e U]

Theorem 2.6 Let M = (M, ;) and M" = (M, ) are sequences of Orlicz functions, then we have

[VZIAZJM'; Ar b, ”r ey ”]00 n !:VZIA'Z"MHI A, b, ”l ey ”]00
c [VZIAZ!M + M ;A!p! ”;;”]oo

PrOOf. Letx = (xk'l)f [Vz,lz,M', A, D, “, ey ”]oc n [VZIAZFM”I A; D, ”l ey ”]oc
Then

' Axp,y Pkl
supmn/1 2k e I n [Mk,l( it ...,Zn_1||)] < oo, for some p; > 0
and
1 " Axg Dkl
supm,nmz(k,l)e,m’n [Mk,l( p— VZq, - ,Zn_1||)] < oo, for some p, > 0.

Let p = max(py, p,)- The results follows from the inequality

1 , " Axy,
sup/1 Z [(Mk,l + Mk,l) (”Tzl werZn_1
m,

I8

™ (kD)€ Imn
1 (1A% v (||A%k, Pkl
= sup Z [Mk,l <| —,Z1, w1y Zp_q ) + My, <||—,Zl, vy Zp—q ) ]
mn Amn p p
" (ke mn
Axkl Dkl
< Ksup z [ kl(” 1) wer Zn—1 )]
mmn mn
B Axk,l Dk,
[Mk_l<||—,zl,...,zn_1 )] .
mmn P

™ (ke I

Theorem 2.7 For any sequence of Orlicz functions M = (My;) and p = (py,;) be bounded

double sequence of strictly positive real numbers. Then (i) [Va, 25, M, A, p, ., -, ll]lo €
[Vo, A2, M, A p, |-, ey oo

(i) Voo 20, M, A0, Iy ovns Tt € [Vo) A2, M, 8,0, s ey ] oo

Proof. The proof is easy so we omit it.

Theorem 2.8 The sequence space [V,, 4, M, A, p, ||, .., . ||] is solid.

Proof. Let x = (xkl)e VZ,AZ,M Al s e i€
Axkl Pkl
Y (L
mn mn(kl)slmn
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Let (ay,;) be double sequence of scalars such that |ak,l| < 1forall k,l e N x N. Then, we get

1 Aak’lxk’l pk'l
up S [ ([ )]
TR ()€ Iy P

1 Axk 1 pk'l
< sup/1 Z [Mk,l (” =, Z1y s Zp_1 )]
T TN (e e I p
and this completes the proof.
Theorem 2.9 The sequence space [Vy, 45, M, A, p, |l., ..., - ||] is monotone.

Proof. The proof follows from Theorem 2.8.
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