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Abstract

We investigate how the training curve of isotropic kernel methods depends on the symmetry of the
task to be learned, in several settings. (i) We consider a regression task, where the target function is
a Gaussian random field that depends only on d| variables, fewer than the input dimension d. We
compute the expected test error ¢ that follows € ~ p~# where p is the size of the training set. We
find that 5 ~ 1/d independently of d||, supporting previous findings that the presence of invariants
does not resolve the curse of dimensionality for kernel regression. (ii) Next we consider
support-vector binary classification and introduce the stripe model, where the data label depends
on a single coordinate y(x) = y(x; ), corresponding to parallel decision boundaries separating labels
of different signs, and consider that there is no margin at these interfaces. We argue and confirm
numerically that, for large bandwidth, 8 = ;17—13155’ where & € (0, 2) is the exponent characterizing
the singularity of the kernel at the origin. This estimation improves classical bounds obtainable
from Rademacher complexity. In this setting there is no curse of dimensionality since 5 — 1/3 as
d — oo. (iii) We confirm these findings for the spherical model, for which y(x) = y(||x||). (iv) In the

stripe model, we show that, if the data are compressed along their invariants by some factor A (an
_2(d=1)
operation believed to take place in deep networks), the test error is reduced by a factor A~ 3—3+¢.

1. Introduction and related works

Deep neural networks are successful at a variety of tasks, yet understanding why they work remains a
challenge. In particular, we do not know a priori how many data are required to learn a given rule—not even
the order of magnitude. Specifically, let us denote by p the number of examples in the training set. After
learning, performance is quantified by the test error €(p). Quite remarkably, empirically one observes that
£(p) is often well fitted by a power-law decay € ~ p~#. The exponent 3 is found to depend on the task, on the
dataset and on the learning algorithm [1, 2]. General arguments would suggest that 3 should be extremely
small—and learning thus essentially impossible—when the dimension D of the data is large, which is
generally the case in practice (e.g. in images where D is the number of pixels multiplied by the number of
color channels). For example in a regression task, if the only assumption on the target function is that it is
Lipschitz continuous, then the test error cannot be guaranteed to decay faster than with an exponent 3 ~ 1/D
[3]. This curse of dimensionality [4] stems from the geometrical fact that the distance J among
nearest-neighbor data points decays extremely slowly in large d as § ~ p!’?, so any interpolation method is
very imprecise. The mere observation that deep learning works in large dimension implies that data are very
structured [5]. Yet how to describe mathematically this structure and to build a quantitative theory for 5
remains a challenge. Our present goal is to study the relationship between 8 and symmetries in the data in
simple models.

Recently there has been a considerable interest in studying the infinite-width limit of neural networks,
motivated by the observation that performance generally improves with the number of parameters [6—11].
That limit depends on how the weights at initialization scale with the width. For a specific choice, similar to
the LeCun initialization often used in practice, deep learning becomes equivalent to a kernel method [12],
which has been coined the neural tangent kernel. In kernel methods, the learned function Z(x) is a linear
combination of the functions K| (g,gu), where x,, are the training data and K is the kernel. These methods

© 2021 The Author(s). Published by IOP Publishing Ltd
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achieve performances somewhat inferior but still comparable to the more refined deep networks [13, 14],
and are often used for both regression and classification. In this work we study the learning curves of

isotropic kernels for which K(x,y) = K (\ |x—y| |) , that include the popular Gaussian and Laplace kernels.

When these kernels are used on the image datasets MNIST and CIFAR-10, one finds that the learning
curves decay with respective exponents Synist = 0.4 and Scipar—10 & 0.1 that are much larger than
1/Dynist & 1072 and 1/Dcipario & 3 x 10™# [2]. Several aspects of the data could together explain these
findings that 5 is much larger than 1/D.

(a) In the kernel literature, upper bounds on the test error with 3 independent of D are obtained
assuming that the target function lies in the reproducing-kernel Hilbert space of the kernel'. However for these
kernels this assumption is rather extreme: it supposes that the number of derivatives of the target function
that are smooth is proportional to the dimension itself [4, 15]; see [2] for a precise statement for Gaussian
random functions.

(b) The data live on a manifold 9t of lower dimensionality d < D. This is indeed the case for MNIST,
where D~ 15 [16-20], and CIFAR-10, where D =2 35 [2]. This effect is presumably important, yet by itself it
may not be the resolution of the problem, since the exponents /3 are significantly larger than 1/D. Unless
stated otherwise, in this work the data manifold extends to the whole space, namely d = D.

(c) The function to be learned presents many invariants. It can be expressed in terms of just d;| < d
spatial components. For example in the context of classification, some pixels at the edge of the image may be
unrelated to the class label. Likewise, smooth deformations of the image may leave the class unchanged. It
has been argued that the presence of these invariants is central to the success of deep learning [5]. In that
view, neural networks correspond to a succession of non-linear and linear operations where invariant
directions are compressed [21]. It is supported by the observations that kernels designed to perform such
compression perform well [5] and that compression can indeed occur at intermediate layers of deep
networks [22]. Yet, relating these views quantitatively to the learning-curve exponent  remains a challenge,
even for simple isotropic kernels and simple models of data. In [4], it was shown for a specific kernel in the
context of regression that the presence of invariants did not improve guarantees for /3. It is currently unclear
if this results holds more generally to other kernels, beyond worst case analysis, and to classification tasks.

1.1. Our contribution
Our work consists of two parts that can be read independently, studying respectively regression and
classification for different models.

The first part is presented in section 2 and focuses on kernel regression. We consider a target function
that varies only along a linear manifold of d directions of the input space, and is invariant along the
remaining d — d|| directions. Without loss of generality, we consider that this dependence is on
X = (X1, Xg, )¥, corresponding to the d| first components of the data vectors x = (xi,...,x4)". The target
function is a Gaussian random function Zr(x) = Zr(x)) with covariance determined by an isotropic
translation-invariant teacher kernel Kr(x). Kernel ridgeless regression is then performed using a distinct
student kernel Ks(x). Such a teacher—student framework (without invariants) was first introduced in [23, 24]
and recently generalized in [25]. In these references it is investigated via an approximate formula based on
averaging on the randomness of the data distribution. Here instead we use the methods of [2] inspired by
earlier works on kriging [26] to compute the learning curve by calculating the expectation of the
mean-squared test error, so as to extract the exponent 5. We find and confirm numerically that 3 is
independent of d| and depends only on d: one cannot escape the curse of dimensionality. This result
supports the idea that even in a typical, non-worst case analysis, regression using simple kernels does not
benefit from invariance in the data. Beyond the dependence on d, the exponent 3 is determined by the
teacher and student kernels only through two exponents ar(d), as(d) related to the decay of their Fourier
transforms. In section 2, we define these exponents and we show that 3 = % min(ar(d) — d,2as(d)).

In the second part of this work, we study kernel classification with support-vector machines, for which
conclusions differ. We focus on simple models of data (d); = 1) that are arguably necessary first steps to build
quantitative predictions for § in more realistic settings. In section 3, we introduce the stripe model, in which
the class label y(x) = 41 only varies in one direction, as illustrated in figure 3. Again without loss of
generality, we consider y(x) = y(x; ). This model corresponds to parallel interfaces separating regions where
the label changes sign. We further consider the case without margin, where the data distribution p(x) is
non-zero at interfaces.

The performance of kernel classification depends on the bandwidth o of the kernel, that is the scale over
which it varies significantly. If o is much smaller than the distance § between training points, then the

1 Such a Hilbert space is the set of all functions f with finite K-norm: ||f]|x < oos see [43].
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support-vector machine is tantamount to a nearest-neighbor algorithm, which inevitably suffers from the
curse of dimensionality with an exponent 3 ~ 1/d. However in the limit of large o, we provide scaling
(heuristic) arguments that we systematically confirm numerically, showing that § = 3”;:13155 , where ¢ is an
exponent characterizing the singularity of the kernel at the origin (e.g. £ =1 for a Laplace kernel). This
exponent 3 stays finite even in large dimension.

In section 4, we show that these results are not restricted to strictly flat interfaces: the same exponent 3 is
found for the spherical model in which y(x) = y(||x||). More generally, our analysis suggests that this result
will break down if the boundary separating labels shows significant variation below a length scale
re ~ p~1/(d=1) Avoiding the curse of dimensionality thus requires us to have an increasingly regular
boundary separating labels as d increases.

Finally, in section 5, we come back to the stripe model and study how compressing the input data along
its invariants (namely all the directions different from x;) by a factor of A improves performance—an effect
believed to play a key role in the success of deep learning [5]. We argue and confirm empirically that, when

. . _2d=b
mild, such a compression leaves the exponent 3 unchanged but reduces the test error by a factor of A\~ 3=3+¢.

1.2. Related works

1.2.1. Regression

The optimal worst-case performance of kernel regression has been investigated using a source condition that
constrains the decay of the coefficients of the true function in the eigenbasis of the kernel [27-29]. For
isotropic kernels and uniform data distribution, this condition is similar to controlling the decay of the
Fourier components of the true function as we do here, and with our notation” the optimal worst-case
generalization error is €y < p_ch with By = W that is independent of the student. Yet in our
approach we average the mean-squared error on all Gaussian fields with a given covariance, leading to a
typical (instead of worst-case) exponent 3 = 4 min(ar(d) — d,2as(d)). As expected, we always have

B > Bue: this follows from the fact that the exponents o, ais must be larger than d for the kernels to be finite
at the origin, a condition needed for our results to apply.

1.2.2. Classification
There is a long history of works computing the learning curve exponent J in regression or classification tasks
where the true function or label depends on a single direction in input space, starting from the perceptron
model [30] and including support vector classification [31]. More recently random feature models have
received a lot of attention, and can be analytically resolved in some cases using random matrix or replica
theories [9, 32—34]. Yet these results for classification generally consider linearly separable data’, and most
importantly for both regression and classification tasks apply in the limit d — oo and p — oo with oo = p/d
fixed. In [31] for a single interface separating labels and kernels similar to ours, the learning curve of the
support vector classifier was shown to decrease as € ~ 1/, as also found for the perceptron [35]. Here we
consider both linearly and non-linearly separable data, and take the limit of large training set size p at fixed
dimension d. This is in our view warranted considering data sets commonly used as benchmarks, such as
MNIST or CIFAR for which dgy € [15, 35] and p & 6 - 10%. In simple models for such numbers we do find
that the training curves are well described by the limit we study. Specifically, the exponent 3 we find depends
on dimension d and does not converge to 1 as d — 0o, indicating that the two limits do not commute.
Classical works on kernel classification based on Rademacher complexity lead to lower bounds on
B> 1/4 (36, 37] for certain algorithms applied to the stripe and spherical model*. Our estimation thus
improves on that bound, even in the limit of large dimension where we find 8 = 1/3.

2. Kernel regression: teacher—student framework

We consider kernel ridgeless regression on Gaussian random data that present invariants. Our framework
corresponds to a teacher—student setting for supervised learning [35, 38—42], where two variants of the same
model (here kernels) are used both to generate the data and to learn them. The target function Zr(x) is

2 Specifically, this literature introduces an exponent b characterizing the decay of the eigenvalues Ap of the kernel with their rank p:
Ap ~ p~?. In our setup it is straightforward to show that b= as/d. Another exponent ¢ (sometimes noted 2r [29] characterizes the
smoothness of the target function f*. It is defined as the largest exponent for which (f*|Ki~“f*) < co. It is straightforward to show that

oar— bc
ag be+1
3 See [31] for an example of non-linearly separable data lying on a hypercube.

. d :
in our case, c = . The worst case exponent is By =

[27-29] and is expressed in our notations in the main text.

4 For example for a single interface, theorem 21 of [36] bounding the test error can be applied with a linear function f(x) = x; which has
a finite RKHS norm. The bound on the test error then behaves as P~V4. An algorithm minimizing the expression for the bound on all
functions on the RKHS ball of identical norm must thus lead to 3 > 1/4.
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Figure 1. Sketch of a realization of the Gaussian random process Zr (x) ~ N'(0, Kt). The kernel K, and consequently the
random function Zr, is constant along the direction x| and only depends on x.

assumed to be a random Gaussian process N'(0, K1) with zero mean and covariance determined by a strictly
positive-definite isotropic translation-invariant teacher kernel Kr(x,x") = K (||x — x’||), implying that
ErZr(x) = 0 and ErZr(x)Zr(x’) = Kr(x,x"), where we denote by Er the expectation over the teacher
Gaussian random process’. Strictly positive-definiteness is required to generate such a random function.

We further assume that the function Z1(x) does not depend on all the variables x = (xy,...,x4)T, but
only on the first components x| = (xi, ..., Xy, )T for some d < d: Zr(x) = Zr (x)), as sketched in figure 1.
The Gaussian random process Zr(x) is constant along the subspace of x| = (x4, 41, ,x4)T when it is

generated by a Teacher kernel that has the same property, namely Kt (||x — x’||) = Kr <| ) — x| \) . Indeed,
we have that

IET ZT(.lC” +§J_) _ZT(KH) ’ = ZKT(O) — ZKT(XJ_) =0. (1)

The (finite) training set is made up by the values of the target function Zr(x*) at p points {x* }ftzl‘
Kernel (ridgeless) regression is performed with a student kernel Ks(x,x”), that we also take to be isotropic
and translation invariant and that can be different from the teacher kernel Ky(x,x"). The student has no
prior knowledge of the presence of invariants: its kernel is a function of all the spatial components.

Kernel regression consists in writing the prediction for the function Zs(x) at a generic point x as a linear
combination of student kernel overlaps on the whole training set, namely

Zs(x) = a"Ks(x",x) =a-ky(x). (2)
I
The vector of coefficients a is determined by minimizing the mean-squared loss on the training set:
. 2
= i my _ "
g—arggun%j [Z5a) — zn(x)] - 3)

The minimization of such a quadratic loss can be carried out explicitly, and the student prediction can be
written as

ZS (x) = ks(x) 'K§IZT7 (4)

where the vector Z; = (Zr(x*))},—, contains all the samples in the training set and K{" = Ks(x*,x") is the
Gram matrix. By definition, the Gram matrix is always invertible for any training set if the kernel K is
strictly positive definite. The generalization error is then evaluated as the expected mean-squared error on
out-of-sample data that were not used for training: numerically, it is estimated by averaging over a test set
composed of presr newly sampled data points:

1 Drest .

er =By |Z6(x) - Z1(x)] = LS [z - ZT(’ﬁ")r' (5)

Prest =

5 With respect to the kernel literature, note that in our setting Z7 never belongs to the RKHS of K7, see e.g. [44]. The conditions for it to
belong to Ks are discussed in [2].
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This quantity is a random variable, and we take the expectation also with respect to the teacher process to
define an average test error ¢ = Erer—in the numerical simulations that we discuss later, we simply average
over several runs of the Teacher Gaussian process.

We study how the expected test error € decays with the size p of the training set. Asymptotically for large
p this decay follows a power law € ~ p~P.1In [2], B was derived in the absence of invariants (d)=4d),
building on results from the kriging literature [26]. It was found that 3 depends on three quantities: the
dimension d and two exponents arr(d), as(d) related to the two kernels. These exponents describe how the
Fourier transform of the kernels decay at large frequencies: Kt(w) ~ ||w||~®7(9), and similarly for the student
K. Notice that, since the kernels are translation invariant, their Fourier transform is a function of only one
frequency vector w. Moreover, the exponents arr(d), as(d) depend on the dimension of the space where the
Fourier transform is computed.

Our main theorem, formally presented with its proof in appendix A, is as follows:

Theorem 1 (Informal) Let ¢ be the average mean-squared error of the regression made with a student kernel Kg
on the data generated by a teacher kernel K, sampled at points taken on a regular d-dimensional square lattice
in R? with fixed spacing 8. Assume that the teacher kernel only varies in a lower-dimensional space:

Kr(x) = Kr(x)), with x| = (x1,...,x4, )T a vector in d| < d dimensions. The student kernel in contrast varies
along all d-dimensional directions in input space. Let the Fourier transforms of the two kernels decay at high
frequency with dimension-dependent exponents ar(d) and as(d). Then as § — 0, € ~ 674 with

B= %{min(aT(dH) —d),2as(d)). ©

Note 1: We expect that under broad conditions the quantity crr(d)|) — d) = 01 (as well as 65 obviously)
does not depend on d||, and that 1 corresponds to the exponent characterizing the singular behavior of
Kr(x) at the origin:

Kr(x) = C0\§|9T + regular terms (7)

as discussed in appendix A. This fact can be shown (see below) for Laplace (where 6 = 1) and Matérn
kernels whose Fourier transform can be computed exactly. Thus we recover the curse of dimensionality since
B = L min(fr,2d + 265) < Or/d, which is independent of d| and thus of the presence of invariants.

Note 2: A remark is in order for the case of a Gaussian kernel K(z) = exp (—zz) , since it is a smooth
function and its Fourier transform (being a Gaussian function too) decays faster than any power law at high
frequencies. As discussed and verified in the aforementioned paper, this theorem applies also to Gaussian
kernels, provided that the corresponding exponent is taken to be § = oc. In particular, if the teacher is
Gaussian and the student is not, 3 =2 + 2795; in the opposite scenario, where the teacher is not Gaussian but
the student is, 8 = e—dT; if both kernels are Gaussian, 8 = 0o and the test error decays with respect to the
training set size faster than a power law.

Interpretation: The following interpretation can be given for theorem 1 when as is large, leading to 8 = %T.
An isotropic kernel corresponds to a Gaussian prior on the Fourier coefficients of the true function being
learned, a prior whose magnitude decreases with wave vectors as characterized by the exponent as. Clearly,
the number of coefficients that can be correctly reconstructed cannot be larger than the number of
observations p. For large s, we find that kernel regression does indeed reconstruct well a number of the
order of p first Fourier coefficients, which corresponds to wave vectors w of norm ||w|| < 1/8 ~ p'/¢. Fourier
coefficients of larger wave vectors cannot be reconstructed, however, and the mean-squared error is then
simply of order of the sum of the squares of these coefficients:

en [ ) e 8)
[lw||>pt/4

Numerical test:

We now test numerically that kernel regression is blind to the lower-dimensional nature of the task. We
consider a d = D — 1-dimensional sphere of unit radius S? embedded in R”. To test robustness with respect
to our technical assumption of data points lying on an infinite lattice, we consider instead p i.i.d. points
sampled uniformly at random. The component x!* of each point is generated as a standard Gaussian N(0,1)
and then the vector x* is normalized by dividing it by its norm. Points belonging to such a training set have a
typical nearest-neighbor distance § ~ p~YP, and we will show that the test error decays with the predicted
scaling € ~ %P = p~8. For the numerical verification we take the student to be a Laplace kernel:

Ks(z) = exp (—E> , ©))

o
5
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Figure 2. Test error € versus the size p of thetraining set for Gaussian data with Matérn covariance regressed using a Laplace
kernel. Identical colors correspond to the same parameter v of the teacher Matérn kernel but varying dimension d)| as indicated
in the legend. d| has no effect on the exponent 3. The solid black lines represent the predicted power law with exponent

B= % min(v,4).

that is characterized by a(d) = d + 05 with 05 = 1. As teacher we use Matérn kernels, which are a family of
kernels parametrized by one parameter v:

21—V

k(@)=

(\/EE)UICU (\/ﬁf) (10)
o o

where IC,, (2) is the modified Bessel function of the second kind with parameter v, and I is the Gamma
function. Varying v, one can change the smoothness of the instances of the Gaussian random process, and in
particular ar(d) = d 4 01 with 01 = 2v. The spatial dimension is D = 4 and we vary the number of invariants
in the task by taking d = 1,2,3. In order to fix d|| we simply use z = ||, — x| || instead of z = [|x — x'[| when
computing the Teacher kernel. The scale of the kernel is fixed by the constant o, that we have taken equal to 4
for both the teacher and the student. Notice that in theorem 1 the value of o does not play any role since it
does not enter the asymptotic behavior of the test error (at leading order). In figure 2 we show that the
numerical simulations match our predictions. Indeed, in this specific case the predicted exponent is

B:%min(u,ll). (11)

Notice that the exponent that characterizes the learning curves is indeed independent of d|. Its prefactor may
however depend on d| in general.

3. Support vector classification and stripe model

3.1. Stripe model

We consider a binary classification task where the labels depend only on one direction in the data space,
namely with y(x) = y(x;). Layers of y =41 and y =—1 regions alternate along the direction x;, separated by
parallel planes. Two examples of this setting are sketched in figure 3, corresponding to a single and a double
interface. The points x that constitute the training and test set are i.i.d. of distribution p(x). To lighten the
notation, we assume that p(x) is uniform on a square box {2 of linear extension . Yet we expect our
arguments to apply more generally if p(x) is continuous and does not vanish at the location of the interfaces
(no margin). To confirm this view we will test and confirm below our predictions when p(x) is Gaussian
distributed, with each component x; ~ N'(0,~7%) with some variance 7.

3.2. Definition of margin SVC
In this section we consider margin support-vector classification (margin SVC). This algorithm maximizes the
margin between a decision boundary and the points in the training set that are closest to it. The prediction of

6
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Figure 3. Example of decision boundaries considered in the stripe model, where the label y(x) of a point x depends only on its
first component x;. On the left is the single-interface setup, where the label function is y =41 on one side of the interface and

y =—1 on the other. Points labeled in such a way compose a linearly separable dataset. On the right is the double-interface setup,
where points are labeled y =—1 in between the two parallel hyperplanes and y =41 on the outside.

the label 7(x) of a new point x is then made according to the sign of the estimated decision function [43]:

; [ — x|
flx) => aky'K (U) +b — J(x) =signflx), (12)

p=1

where the kernel K is conditionally strictly positive definite [45]—a condition defined in appendix C, less
stringent than strictly positive definite. In equation (12) we write explicitly the kernel bandwidth ¢ since it
will soon play an important role. The formulation of the margin-SVC algorithm presented below is what is
referred to as the dual formulation, but it can be equivalently recast as an attempt to maximize a (signed)
distance between training points and the decision boundary [43]. In this dual formulation, the variables a*
are fixed by maximizing

p P
. 1 |2 — x|
hi(@) =Y ot~ S ara’y'yK 1
mgaxﬁ(oz)7 with £(«) MZla 5 atayty ( . , (13)

p,v=1

subject to the constraints

at >0, (14)
ot > 0 ifand only if y*f(x/) = 1, (15)
p
Q= Za“y" = 0 (charge conservation). (16)
p=1
The bias b is set to satisfy
min; <, <,|f(x")| = 1 (canonical condition). (17)

Equation (15) states that a dual variable a** is strictly positive if and only if its associated vector x* lies on the
margin, that is y*f(x*) = 1, otherwise it is zero. Vectors with a* > 0 are called support vectors (SVs) and are
the only ones that enter the expansion of the decision function equation (12).

3.3. Some limiting cases of SVC

Vanishing bandwidth: If the kernel function K(z) decreases exponentially fast with some power of z, then in
the limit o < §, where 9 is the average nearest-neighbor distance in the training set, the support-vector
machine becomes akin to a nearest-neighbor algorithm. A detailed analysis of this regime for the stripe
model is presented in appendix B; here we provide a qualitative argument assuming that the bias b is
negligible. If so, as ¢ — 0 one has for any training point that f(x*) ~ ay*K(0), implying that o* # 0 to
satisfy |f{x*)| > 1: every point is an SV with identical o*. f(x) at a random test point x is dominated by the

7
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QL @

®
()

Figure 4. Sketch of the decision boundary along the interface of the stripe model. Positive and negative points are respectively
represented in red and blue; the dark points correspond to the support vectors. The predicted decision boundary (dashed black
line) oscillates around the true decision boundary (solid black line) with a wavelength of the order of ., the distance between
nearest support vectors. The characteristic distance between support vectors and the decision line A is much smaller than r..

closest SV. The classification error is susceptible to the curse of dimensionality for such an algorithm, and
one expects generically £ ~ & ~ p~1/9, as tested numerically in figure B1 for the stripe model.

Diverging bandwidth: In this work we focus on the other extreme case where the bandwidth is larger than
the system size, namely o >> +. In this regime the kernel is always evaluated close to the origin. Assuming
that the kernel has a finite derivative in the neighborhood of the origin, we approximate it by its truncated
Taylor expansion:

g

K(M>%K(O)—const.(|| /|) +o((v/0)%). (18)

The exponent £ is related to the exponent 6 introduced in section 2 by £ = min(#, 2), and varies from kernel
to kernel. For instance, we have £ = 1 for Laplace kernels, £ = 2 for Gaussian kernels, £ = 7 for y-exponential
kernels® and £ = min(2v, 2) for Matérn kernels. In appendix C we show that for 0 < ¢ < 2 the right-hand
side is conditionally strictly positive definite (CSPD), which is the necessary condition for the SVC algorithm
to converge. In what follows, we consider 0 < ¢ < 2, which excludes the Gaussian case. A proof that in that
case the margin-SVC algorithm with the truncated kernel in equation (18) leads to the same solution as with
the full kernel in the limit o > v is presented in appendix D. Also, due to the charge conservation in
equation (16), the constant term K(0) in equation (18) may safely be ignored.

The decision function equation (12) associated with the considered radial power kernel hence becomes

_b Zau <|x xﬂ|> . (19)

p=1

where the positive constant in equation (18) has been removed by rescaling the bias and the .

3.4. Single interface

We consider a single interface at location x; = 0, with negative labels for x; < 0 and positive ones for x; > 0.
Already in this case, computing analytically the test error remains a challenge, and we resort to a scaling
(asymptotic) analysis to compute 3. As p increases, SVs will be present on a narrower and narrower band
around the interface. We denote by A the characteristic extension of this band. A will depend in general on
the position x| along the interface. Here we will not study this dependence, as we are interested on its
asymptotic behavior with p, v and ¢ and only track how quantities depend on these variables. From the
canonical condition equation (17) of SVs we have that the function f varies of order one from one side of the
band to the other:

flx) +Ae) —flx, —Aey) ~1, (20)

where g, is the unit vector orthogonal to the interface and x | is any vector parallel to the plane.

6 We use 4 to distinguish it from the variance of the data points.
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Another useful quantity is the distance r. between nearest SVs. It can be estimated by counting the
number of points lying within a cylinder of height A (along x;) and radius r. centered on an SV, whose
volume follows ~ Ard~—!, Using that the density of data points is ~ p/v¢, and imposing that the cylinder
contains only one additional SV, yields our first scaling relation:

%Arcdil ~1 i pArcd71 ~ ,yd. (21)

Finally, the last scaling relation results from the function fluctuations being of order one within the band
of SVs when moving parallel to the true boundary decision. Indeed, we shall show below that the function
gradient along e, is constant at leading order in A, and of order 1/A following equation (20). Then the facts
that (i) on each SV the function is fixed by f(x*) = y* and (ii) the distance of the SV with respect to the true
boundary fluctuates by a characteristic distance A jointly imply that the fluctuations of f{x*) as x/* evolves
along the true boundary decision must be of the order of unity. This effect is illustrated in figure 4. The
characteristic transverse displacement along which these fluctuations decorrelate is simply the distance
among SV r, thus

flx +ree) —flx)~1, (22)

where e is any unit vector parallel to the plane. Due to these fluctuations, test points inside the band have a
finite probability to be incorrectly classified, and at fixed d’ the test error must be proportional to the
fraction A/~ of points falling in that band:

e~A/y.

We now show that from these considerations alone 3 can be computed. Starting from equation (19) we
estimate the gradient of f along the normal direction e, at any point on the interface:

m

-1
8x1f(ll):§ Z auyu(HXL—x#H) | %

e o ) — x|

pean s (23)

A
~ g0 p— (alyial[lx, —"|7%)
il
where the sum is over all SVs x,, indicated by the set {24. The sum is replaced by its central-limit theorem
value valid for large p, and we use that the number of terms in that sum goes as pA/~. The average in
equation (23) scales as @Ay ~2, where & is the mean value of the dual variables a*. Imposing that
Ay, f(x ) ~ 1 as follows from equation (20) then leads to our second scaling relation:

AN’ o\ ¢
pa () N () . (24)
Y v
Next we compute the consequences of equation (22), by recasting it in a more suitable format. We define
a smoothed function f{x, ) of f(x | ) on a scale r.:

flx,) = / &5 flx)) Glx, — 1), (25)

where the function G is the Fourier transform of 6(1/rc — ||k, ||) (which is thus small when
[l = [[>70):

G(EJ_) _ / ddflkl e—ikL.xL' (26)
[k ||<1/7e

Thus f(x | ) is obtained by removing from f(x, ) the Fourier components ||k L[| > 1/rc. The constraint of
equation (22) is equivalent to imposing that the fluctuations between f and f are of the order of unity.
Integrated on space this means that

o /dd—léL [f(&_) _}(&l)]Z ~1, (27)

7 The value of f(x) in the band is governed by the neighboring SVs, whose characteristic number is independent of p but should grow with
d. We believe this effect to be responsible for the non-commutativity of the limits lim, /d— 00 My 00 and limg—; o0 limp— o0 . Indeed in
the former case, it is found [31] that € and the fraction of SVs A/~ scale differently with «, unlike what we argue and confirm numerically
in the second limit. We have checked numerically (not shown) that the ratio of these two quantities is indeed decaying with d at fixed p.

9



10P Publishing

Mach. Learn.: Sci. Technol. 2 (2021) 025020 J Paccolat et al

that can be Fourier transformed as

/dd?llﬁ [f(kj_) —flky) G(kj_)} 2 = / A k)~ (28)

[k [1>1/r

The Fourier transform of the decision function along the transverse components can be computed as

flk,) :/ddﬂ&_ e i Tiflx) ) = Z O‘M}’M/ddﬂ&_ eikl'xiK<|xM;xl”>- (29)

HEQA
Using that |[x* —x || = ||x/| —x || and changing variables one obtains

flk,)~ Z atyt ek x ./dd—lEL e—ikLﬁK(w> = Q(kl) Ky (k). (30)

g
HEQA

where we have defined the kernel (transverse) Fourier transform K, (k, ) and the ‘charge’ structure factor
Q(k, ). The former can be readily computed for Laplace and Matérn kernels, and at large frequencies it
behaves as K| (k, ) ~ o~ ¢||k, ||~(@~'+%). Concerning the charge structure factor, for ||k, || > 1/r., the
phases associated with each term in the sum defining it vary significantly even between neighboring SVs.
From a central-limit argument the factor Q then tends to a random variable with 0 mean and variance
a’pA/v. 1t is verified in appendix E.

We can now estimate the integral in equation (28):

- A A
/ A"k, f (k,) NdZP*J_%/ ATk Ik || ~ atp—o L (3
e 11177 7 sk g

The condition equation (28) leads to the last scaling relation:

d—1+2¢ 26
B
Y\ v

Putting all the scaling relations together we find

3
A~ ypiTaTe, ow(U) PIEE,  ro~qp T, (33)
0

And consequently the asymptotic behavior of the test error is given by

d—1+¢

A /8 )
’ 3d—3+¢

€~ —r~p with ﬁ = (34)

Note 1: The second scaling argument leading to equation (32) can be readily obtained by making a
‘minimal-disturbance hypothesis’. Assuming that adding a new training point x* within the domain QA will
only affect the dual variables of the few closest SVs, the correction of the decision function on the new SV is
given by

e — x|\ ¢
> da“y“((f), (35)

[|xH —x* ][ <rc

where da* is the charge correction. One must have that ZH x| | <r dt Y = —y*a” to ensure that SVs
further away are not affected by this perturbation. Thus da* ~ o* ~ @&, where the last equivalence stems
from the fact that the added SV is statistically identical to any other one. Finally, requiring that the new point
x* must also be an SV implies that the correction represented by equation (35) must be of the order of unity
to set |f(x*)| = 1. Hence, we obtain the scaling relation (that implies equation (32) from equations (21)

and (24)):

a(ﬁ)g ~1. (36)

g

Note 2: The above scaling arguments may also be carried out in the intermediate regime § < o < 7. In
that case, the kernel equation (18) introduces a cutoff to the volume of interaction in the transverse space. In
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particular, the number of terms in the sum of equation (23) now goes as (/)% ~'pA /v and the average
scales as @Ac 2. The discussion on the fluctuations is however unaltered as r. < o by definition.
Assembling all the pieces yields the following scaling relations:

—(d—1) 4=3tE i =
A <U> 3d—3TE 7% _ <0’> a=3te Pﬁ <a> o p*ﬁ (37)
~y (= W= a~{Z B T\ .
¥ P v 7 C !
and
A o\ WIS L
E~v — ~ — pim' (38)
Y Y

Note that when this approach breaks down, namely when o ~ r, the predictions of the vanishing bandwidth
are recovered.

3.5. Multiple interfaces

The scaling analysis considered for the single interface can be directly extended to multiple interfaces. Let us
consider the setup of n interfaces separated by a distance w. Because the target function oscillates around the
n interfaces, its reproducing kernel Hilbert space (RKHS) norm increases with # leading to a more and more
complicated task. In the limit A < w, the arguments presented between equations (25) and (32) that rely on
local considerations apply identically. The computation of the gradient is more subtle as the charges will in
general differ in magnitude on each side of interfaces. We discuss in appendix F how the resulting gradient
will scale with w. In particular, we identify three regimes on the (n, d)-plane as represented in figure 5. When
the dimension is large enough, in the green region, the gradient is dominated by points with large transverse
distance, ||x || > w. For smaller dimensions, the typical transverse distance decreases so that, in the blue
region, the gradient is dominated by points of transverse distance ||x, || ~ w. For even smaller dimensions,
in the gray region, our description breaks down, because the SVC function is not sufficiently smooth and
microscopic effect should be accounted for. The power laws of the three usual observables are shown to be

(d—1)s B £ & =3
A~ N (’y) 3d—3+¢€ ' 3117134;&5 ’ &~ (0) (1) 3d—3+¢ p3d—2§+§ , Te oy (W> 3d—31€ = 3d723+§ . (39)

w

v) \w y
with
1,if3<n<d —4
5= rtli ._n_ +¢ , for n odd, (40)
d+€-3,ifd+{—-4<n<d+£-1
or

nif2<n<d+¢-3
s= ) , for n even. (41)
d+¢&-3,ifd+€-3<n<d+¢-1

The scaling in p is unaltered by the presence of multiple interfaces. However, the increasing complexity of
the task is reflected by the large prefactor, which requires exponentially more training points to enter the
power-law decay as the width w decreases. Note that, for a given dimension, the task complexity, quantified
by s(d—1)/(3d — 3 + &), stops increasing once # is large enough to enter the blue region.

3.6. Numerical results

In this section, we present the numerical simulations with which we verify the scalings predicted in the two
previous sections. Both the single- and the double-interface setups have been considered with data points
sampled from an isotropic Gaussian distribution of variance > = 1 along each component. In the
single-interface setup the hyperplane is centered at x; = 0, while in the double-interface setup one
hyperplane is located at x,;, = —0.3 and the other at x., &~ 1.18549°. In both setups, the probabilities of
positive and negative labels are equal. The margin-SVC algorithm is run using the class svm. SVC from the
python library scikitlearn, which is a soft margin algorithm. To recover the hard margin algorithm presented
in section 3.2, the regularization parameter C which bounds the dual variables from above (see for example
chapter 7 of [45] is set to C = 102 All results presented in this section have been obtained with the Laplace
kernel of bandwidth o = 100 > ~. Further results with the Matérn kernel are displayed in appendix G.

8 The value xmax = V2 erf™! (14 erf(xmin)) /= 1.18549 is chosen in such a way that the expected number of y ==1 points is the same.

11



10P Publishing Mach. Learn.: Sci. Technol. 2 (2021) 025020 J Paccolat et al

3-¢ 5-¢ 6-¢ d

Figure 5. Sketch of the different regimes depending on the number of interfaces n and the space dimension d. In the green region,
the SVC algorithm is dominated by the large transverse contribution, ||x | || 3> w ; in the blue region, it is dominated by the short
transverse contributions, ||x || ~ w; in the gray region, microscopic effects, occurring at the scale ||x | || ~ r, enter into play
and have not been investigated.
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Figure 6. For the single-interface setup, we show the dependence on the training-set size p of the test error, the SV band thickness
A, the scale r. and the SV mean dual variable & (from left to right). The points in the dataset are drawn from the standard normal
distribution in dimension d (see the color legend); their labels are defined according to the single-interface setup and learned with
the margin-SVC algorithm with the Laplace kernel (§ = 1) of bandwidth o = 100. The solid lines correspond to the average over
25 initializations, while the shaded region are the associated standard deviations. The dashed lines illustrate the power law

predicted in equation (33).
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Figure 7. The same plots as in figure 6, but for the double-interface setup: we show the dependence on the training-set size p of
the test error, the SV band thickness A, the scale r. and the SV mean dual variable & (from left to right). The points in the dataset
are again drawn from the standard normal distribution in dimension d (see the color legend); their labels are defined according to
the double-interface setup and learned with the margin-SVC algorithm with the Laplace kernel (§ = 1) of bandwidth o = 100.
The solid lines correspond to the average over 25 initializations, while the shaded regions are the associated standard deviations.

The dashed lines illustrate the power law predicted in equation (33).

The power-law predictions of section 3.4 are verified in figure 6 (for the single interface) and figure 7
(for the double interface). The considered numerical observables are defined as follows: the test error is the
fraction of mislabeled points in a test set of size prest = 10000; the typical & is the average SV dual variable;
the band thickness A is the average distance of a SV to the closest interface; the procedure to estimate the SV
nearest-neighbor scale 7. is described in appendix H. The exponents of the power laws are extracted by fitting
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Figure 8. We extract the exponents by fitting the curves in figure 6 (for the single-interface setup) and in figure 7 (for the
double-interface setup). We then plot the exponents for the SV band thickness A (left), the SV nearest-neighbor scale r. (middle)
and the SV mean dual variable & (right) against the dimension d of the data. The black solid line is the prediction of section 3.4,
while the circles correspond to the numerical data (blue points for the single-interface setup and orange points for the
double-interface setup).

4
1071_ 10_1'
w 3 S
w
1072_
10724 AI A
" T T " " 0.1
107! 107! 10
A AJw
Figure 9. Left: Test error ¢ versus the SV band thickness A for multiple values of the distance between the two hyperplanes w for
the double-interface setup in d = 5. The left interface is located at xmin = —1 and the right interface at Xymax = Xmin + w. Right:

The left plot is rescaled by w™! both horizontally and vertically. The inset triangles indicate a slope of unity in a log-log scale.

the numerical curves in the asymptotic regime and compared to the theoretical predictions of section 3.4 in
figure 8. Note that in large dimensions we observe that the system has not yet fully reached the asymptotic
regime in the considered range of training-set sizes p.

We also observe that in the double-interface setup the system only enters the scaling regime when A
becomes small enough compared to the distance w between the two hyperplanes, as discussed in section 3.5.
The crossover from the interfering-interface regime to the asymptotic regime is illustrated in figure 9. The
test error versus A displayed in the left panel for multiple values of w confirms that € ~ A when A < w, as
expected from the discussion of section 3.5. We show in the right panel that the transition to the asymptotic
regime occurs when A ~ w by rescaling the horizontal axis: A — A/w. Because € ~ A in the asymptotic
regime, it is necessary to also rescale the vertical axis for the curves to collapse, namely € — /w.

4. Spherical model

We consider a spherical interface separating y =-+1 points outside a sphere of radius R from y =—1 points
inside. The relevant direction is therefore x| = [|x||, and the label is given by y(x) = sign(||x|| — R). We still
assume that the SV are distributed along the interface, thus forming a shell of radius R and thickness A.
Once again, previous arguments presented between equations (25) and (32) that rely on local considerations
apply identically. Furthermore, we compute in appendix I the gradient 0f/0x)| and find again the same
asymptotic result as for the planar interface specified in equation (23). Thus our predictions for the spherical
model are identical to the ones for the stripe model.

We test these results numerically for a sphere of radius R = v/d° with a Laplace kernel of variance
o = 100. The results displayed in figures 11 and 12 confirm our analysis.

9 It guarantees that the fraction of positive and negative labels remain finite. In particular, in the limit d — oo, this fraction goes to 1/2.
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Figure 10. Nonlinear decision boundary for the spherical setup. The label function is y = —1 inside the hypersphere and y =
+1 outside. Note that the label only depends on the norm of the data, ||x||.
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Figure 11. For the spherical setup, we show the dependence on the training-set size p of the test error, the SV band thickness A,
the scale ¢ and the SV mean dual variable & (from left to right). The points in the dataset are drawn from the standard normal
distribution in dimension d (see the color legend); their labels are defined according to the spherical setup of radius R = v/d and
learned with the margin-SVC algorithm with the Laplace kernel (§ = 1) of bandwidth ¢ = 100. The solid lines correspond to the
average over 25 initializations, while the shaded regions are the associated standard deviations. The dashed lines illustrate the
power law predicted in equation (33).
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Figure 12. We extract the exponents by fitting the curves in figure 11 for the spherical setup. We then plot the exponents for the
SV band thickness A (left), the SV nearest-neighbor scale r. (middle) and the SV mean dual variable & (right) against the
dimension d of the data. The black solid line is the prediction of section 3.4, while the dots correspond to the numerical data
(blue points for the single-interface setup and orange points for the double-interface setup).

5. Improving kernel performance by compressing invariants

In this section, we investigate how compressing the data along the irrelevant directions x, affects the
performance of kernel classification. This analysis is of particular interest for neural networks, where it is
now argued (see for instance [5]) that a progressive capability to compress invariants in the data is built up
moving through the layers of deep networks.

5.1. Stripe model
We consider the stripe model of section 3 with one additional parameter: the amplification factor \. If the
original distribution was characterized by the scales 71, ..., along each space direction, we now apply a
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Figure 13. Dependence on the amplification factor A of the test error (left), the SV band thickness A (middle) and the SV mean
dual variable & (right) for the single-interface setup with p = 1000 in different dimensions (see the color legend). The SVC
algorithm is run with the Laplace kernel (£ = 1) of bandwidth o = 100 > §. The solid lines correspond to the average over 20
initializations and the shaded regions are the associated standard deviations. The dashed lines illustrate the power-law predictions
of equation (45).

contraction in the transverse space: y; — ;/A fori = 2, ..., d. Following the same reasoning as in section 3.4,
we can track the effect of the additional amplification parameter. It is not sufficient to merely rescale -, since
the compression is not isotropic. Nevertheless, it is easy to see that the first scaling becomes

XN Ap ~ Y, (42)

since the density of points inside the SV band is now ~ pA9~! /4%, Then, for the second scaling relation, we
need to rescale the gradient 0y, f defined in equation (23). The amplification factors only alter the transverse
space: when approximating the average by an integral, the boundaries are rescaled to /X in each transverse

direction. The second scaling is thus
e - (A ’ 7\ ¢
N¢pa [ = (—) ~ 1. (43)
¥ o

Finally, when imposing that the fluctuations between f and its smoothed version fare of the order of unity,
one only needs to update the volume of the transverse space in equation (27): v¥~! — (v/\)*~!, which leads

to the last scaling,
A d—1+42¢ 26
e (50
7O\ Y

Assembling all the scaling relations yields
e~A ny/\ wdwpgp 311 ls_fg a~ <g) /\522 215 p}zi §+§ ny/\ ;5 ;+5p 3d—3F¢ 3+g_ (45)
Y

These power laws are assessed numerically for the Laplace kernel (£ = 1) of variance ¢ = 100 and a training
set of size p = 1000 generated from the Gaussian distribution of variance 4> = 1. Varying the amplification
factor over eight orders of magnitude (see figure 13), our predictions hold in a broad range of A but break
down at large and small values, as we now explain.

In the limit A — 0, the relevant direction x; is negligibly small compared to the other directions;
information is thus suppressed and points are classified at random: the test error goes to 1/2. Furthermore,
all training points must be SVs, and indeed A — ([x]) . _rr(0,1) = \/2/ (which is the average distance from
any point in the dataset to the interface) and a — 1.

In the opposite limit A — oo the setup lives in dimension one (seeing only x;) and all curves converge
independently of the space dimension d. These relations allow us to identify a critical scale A\, at which the
multidimensional system reduces effectively to a one-dimensional system. It occurs when the test error of the
compressed multidimensional kernel is equal to the test error of the kernel that only sees the component x;.
Using our scalings, we find

2(d—1) d—1+¢€

A\ e pT e~ pT

= Ac~p. (46)
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5.2. Cylinder model
We now consider a cylinder model in d = d|| +d_ dimensions. A point x = (&H X, )€ R4 (with x| € R4
and x; € R9*) has a positive label if | |x || > R ~ 7 and a negative label otherwise. Such a model is also
characterized by the asymptotic scalings in p specified in equation (23).

As in the previous section, we compress the perpendicular directions by the amplification factor A:
x, — x, /A The derivations of the scaling relations equations (42) and (44) hold equally. However, the
scaling relation equation (43) is now independent of the amplification factor: the characteristic size of the
transverse space occurring in the gradient integral equation (23) remains of the order of the system size .
Assembling the different scalings yields

8L dole _ o e, 26 L 2
e~A~ YA HIEE p e a ~ ; N\3d—3+¢ pITIFE Te~o Yy N~ W3FE p e, (47)

6. Conclusion

We have studied the learning curve exponent /3 of an isotropic kernel in the presence of invariants,
improving on worst case bounds previously obtained in the literature. For regression on Gaussian fields, we
find that invariants do not increase 3, which behaves as ~ d~! in large dimension: methods based on
isotropic kernels suffer from the curse of dimensionality, as already argued in [4]. Our analysis also suggests a
simple estimate (8) for the performance of regression beyond the Gaussian fields considered here. For a
binary classification and simple models of invariants we find the opposite result. For a planar interface
separating labels, 5 > 1/3 for all dimensions, improving on previous bounds.

Note that the striking difference between classification and regression does not stem from the distinct
models considered in each case. Indeed, following equation (8) we expect that performing mean-square
ridgeless regression on the stripe model leads to the curse of dimensionality with 8 = 1/d, as we have checked
on a few examples (data not shown). In the classification problem instead, due to the fact that only a tiny
band of data are SV, the output function ends up being much smoother (i.e. with more rapidly decaying
Fourier components) than a step function, leading to better performance.

This success of classification holds when several interfaces are present, or in the spherical case where the
interface continuously bends. Thus, isotropic kernels can beat the curse of dimensionality even for
non-planar boundaries between labels. For which class of boundaries is this result true? The geometry of the
spatial distribution of SVs suggests an intuitive answer. The curse of dimensionality is beaten because a very
narrow (i.e. rapidly decaying with p) layer of width A is sufficient to fit all data, despite the fact that the
distance between SVs r. is much larger (and indeed subjected to the curse of dimensionality). Thus if the
boundary displays significant variations below the scale r, it presumably cannot be detected by isotropic
kernels. In this view, beating the curse of dimensionality is only possible if the boundary becomes more and
more regular as the dimension increases. This geometrical view is consistent with the more abstract kernel
literature in which the curse is lifted if labels correspond to the sign of a regular function (in the sense of
belonging to the RKHS of the kernel) [36]. Empirically, sufficient regularity may be achieved in practical
settings at least along some invariants, such as completely uninformative pixels near the boundaries of
images. Under which conditions other invariants, e.g. related to translation, can be exploited by isotropic
kernels remains to be understood.

Note added: In [46], these results were extended beyond kernels, to the case of a wide one-hidden layer
net. In the lazy training regime, results are identical to those presented here, but more favorable exponents (3
are found in the feature learning regime.
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Appendix A. Kernel regression with invariant dimensions

Theorem. Let K1(x) and Ks(x) be two translation-invariant kernels (called the teacher and student
respectively) defined on V; = RY, and let Kt(w) and Ks(w) be their Fourier transforms in V. Assume that

e Kr(x),Ks(x) are continuous everywhere and differentiable everywhere except at the origin x = 0;

e Kr(x) and Ks(x) are positive definite and isotropic, that is, they only depend on ||x||;

e Kr(x) and Ks(x) have a cusp at the origin and their d-dimensional Fourier transform decays at high fre-
quencies with dimensional-dependent exponents ar(d) ) and as(d), respectively (we will evaluate them at
d I for the teacher and at d for the student);

e lim,_,(K7(0) < 0o and lim,_,o Ks(0) < oo;

e lim, o Kp(w) < oo and lim,,—yo Ks(w) < 0.

Assume furthermore that the teacher kernel lives in a reduced space of dimension dH < d, in the sense that
® Kr(x) = Kr(x1,...,x5) = Kr(x1,...,x4)) = Ky (||5H||) (where we have defined x| = (x1,...,xg, ).

We use the teacher kernel to sample a Gaussian random field Zr(x) ~ A/ (0,Kr) at points that lie on a
d-dimensional regular lattice in V;, with fixed spacing 8, and we use the student kernel to infer Zs(x) at a new
point x € V; via regression, and performance is then evaluated by computing the expected mean-squared
error on points independent from those used for training. Then, as § — 0,

1
EMSE~¢7? with B= ~min(ar(d)) - d), 205). (A1)
Proof.
(i) Setup.
We first consider a finite number of points p in a box V; = [~L/2,L/2]? and then take the limit

p,L — 00, keeping the spacing § = Lp~'/4 fixed. Regression is done by minimizing the mean-squared error
on the p points:

5 (7105, ~ 25, (A2)

=1

and the generalization error is defined as

EMSE = L~E / dix [ZT (x) — Zs (g)] y (A3)

Vi

(The expectation value is taken with respect to the teacher random process.)
Given a function F(x) on the d-dimensional box V; = [—L/2,L/2]%, we denote its Fourier transform
(series) and antitransform by

. : 2
E(w) = Fi[F(x)] (w) =L~ | d%xe ™*F(x), whereweL;= lZd, (A4)

\Z L

F(x) = F; ' [Fw)] (x) = L) " e F(w). (A5)

wel
Given the structure of the teacher kernel we can write

KT(&) — L—dH/z/ i dd“&“ e—iﬂ“ X KT (H&HH) _L—dL/z/ ddLXJ_ e_i&L'zL
[~L/2,L/2]°l [~L/2,L/2]"+

= Fay [Kx (11y]1) ] Gwy) - L9726, (A6)

This formula states that the Fourier transform of the teacher kernel has frequencies that also live in the
corresponding d| -dimensional subspace in the frequency domain. The term d,, is a discrete delta (not a
Dirac delta): this will be important later because it implies that it is scale invariant: da,, = . The first
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term, that is the Fourier transform of the teacher kernel restricted to the d|-dimensional space, decays at
large frequencies with an exponent ar(d)) that depends on the intrinsic dimension dj:

R w) = Fa, [5r (11)] ) = enetllagy 17270 + 0 (g 770 ) (a7)

(i1) Regression.
The solution to the regression problem can be computed in closed form:

Zs(x) = ks(x) - K 'Zy, (A8)
where Z = (Zr <’5u>)i _, are the training data (the points x,, lie on the regular lattice),

p P . . .. . .
ks(x) = (Ks (gﬂ , g))#: . and Kg = (Ks (gﬂ,gy))#’yz |1 the Gram matrix, that is invertible since the kernel K
is assumed to be positive definite. This formula can be written in Fourier space as

Nt

aw=?wéﬁg (A9)

where we have defined F*(w) = 3,7« F (y + 27%) for a generic function F.

The mean-squared error can then be written using the Parseval-Plancherel identity. After some
calculations we find

EMSE = LE /v d'x[Z1(x) — ZsF =L Y _ | Z2(w) — Zi(w) I{iiiwi
d welLq o

_—d)2 25 () — [KeKs)* (w) | K (w) [KE* (w)
=14 Z Ki(w) —2 % (w) + Kg(ys)Z

welLy,NB,

(A10)

d. I
where Ly = szer and B; = [— 3 %] is the Brillouin zone.
In order to simplify this expression in the case where d < d, let us also introduce

Fi(w)= Y F<W| + 27;11'). (Al1)

ezl

Using equation (A6) it follows that

Ki(w) o< 6y, K5 (w)), (A12)

[f("fks]*(ﬂ) X 5KL [I%Tks]*” (ﬂ” ) (A13)

Plugging the last two equations into equation (A10) we see that, because of the terms d,, , we have

o (4 W} M
EMSE Wlemzmzs”KT (|){1+ Ri(w)? 2 Re(w) (A14)

Notice that K and [K2]* do not turn into [Ks]*Il and [K2]*I: this is because the student kernel does not has
. . d
the same invariants as the teacher, and it depends on all the components. Here I = Z{Zd\‘ B = [— 5 %] !
(i1i) Expansion.
Using the high-frequency behavior of the Fourier transforms of the two kernels we can write
fadh 9

Ky (KH) ~ kT(LV“) +gorld )CT(dH ) d’ﬂq(d” ) (KH 9), (A15)

[KrKs]* (w)) ~ Kr(wy)Ks(w)) + o tescy(d) )es ’(/)lle(d“ s (19), (A16)
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K3 (w)) ~ Ks(w)) +8°¢s o, () 0). (A17)
We have introduced the functions
Yalw)) = Z |lw) +27n|| 7, (A18)
n€ZN\{0}
Plw)) = Z |lwy +2mm || (A19)
AN

The hypothesis K7(0) oc [ dwKr(w) < oo and Ks(0) < oo imply ar(d)) > d) and therefore

ZEH 2 |1~ aT(dH) < 00. We can argue similarly that wa (du)( ), w(”n(dHHaS(O),waS(O) are finite.

Furthermore, the w| ’s in the sums are at most of order § !, therefore the terms 1, (wd) are 6° and do not
influence how equation (A10) scales with 4.

Expanding equation (A10) and keeping only the highest orders we find

EMSE
=
i Kr(wy) . ()
~ 2CT(du)%T<d‘>(Wn5)5°“(d”)+c§wzas(m\5)1~<§( 12 gos +0(IIMI ) d”). (A20)
KIIELHQBH S 1i/l‘)

We have neglected terms proportional to, for instance, Jor(d)+eas gince they are subleading with respect
to 6271 but we must keep both dor() and §9s since we do not know a priori which one is dominant. The
additional term 6~ in the subleading terms comes from the fact that [L. N B| ~ § 4.

The first term in equation (A20) is the simplest to deal with: since ||w) || is smaller than some constant

for all w € L) N B) and the function wlr(d”)(mﬁ) has a finite limit, we have
gor(dy) Z 25T(d|\)%T(dH (w6) ~ 5aT(du)|L” NBy| ~ ger(dy)—dy (A21)

w) E]LH ﬁBH

We then split the second term in equation (A20) in two contributions.

Small||w; ||. We consider ‘small’ all the terms w; € L N B such that ||w; [| <T', where I' > 1 is of order 50
but large. As § — 0, ¥2as (W) 6) — 24,(0) which is finite because Ks(0) < co. Therefore

7l !
. Kr(w ) KT(LVH)
52 S0 (W ) — 02510204 (0) - . (A22)
w” e]LZnB o Ki(w H) v w, eLZmB” Kg(vi’u)
IWHH<F Hﬂ||H<F

The summand is real and strictly positive because the positive definiteness of the kernels implies that their
Fourier transforms are strictly positive. Moreover, as 6 — 0, IL;y N B N {||m| || < F} —Lyn {Hml || < F},
which contains a finite number of elements, independent of §. Therefore

.
505 ST By (w0) EW'; 520, (A23)
WHEILHI'-WBH H
HWH||<F

Large||w||. ‘Large’ w are those with ||w|| > T': we recall that ' > 1 is of order §° but large. This allows us to
approximate I~<¥, Ks in the sum with their asymptotic behavior:

|
, Rilw) o, :
D S N e S CAND DR 7 L

2
wy €L NGy [[wy [>T KsCwy) wy €Ly By [y [|>T
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1/8
~ 62015/ dWH W]le —l—ar(d))+2as N 5min(o¢r(du)—du 72a5)' (A24)
T

Therefore in the end
EMSE ~ 5min(aT(dH)*dH 20as) — 5ﬂd. (A25)

The kernels K that we consider in the present article, namely Laplace and Matérn, share the property that
the respective exponents take the form a(d) = d + 0k, 0k being a dimension-independent constant that
only depends on the isotropic function that defines the kernel. For instance, we have o =d + 1 for Laplace
and a(d) = d + 2v for Matérn (with parameter v/). Consequently, for these kernels the term a/(d)) — d| that
appears in the last equation is actually independent of d||, and therefore so is the exponent 3. We believe that
this structure of the exponent a/(d) is more general. Signals that point in this direction can be found in several
papers. In [47] they show that (with our notation), for functions K (||x||) that are integrable in RY and R4+2,

Far2 [K (llxl[)] (w) oc w0 Fa [K ([12]])] (w), (A26)

and so if the Fourier transform in dimension d decays as w~ (@, in dimension d + 2 it decays with an
exponent a(d+ 2) = a(d) + 2. In [48] they prove a result for functions belonging to the Schwartz space
(rapidly decreasing functions). This result implies that if the Fourier transform in dimension d + 1 decays
with an exponent a(d 4 1), then in dimension d the function decays with the exponent a(d) = a(d+1) — 1.

These results offer a link between the exponents in different dimensions. In [49] the author computes the
asymptotic behavior of the one-dimensional Fourier transform of functions with a singularity. In particular,
it follows that if K(x) = |x|%*K (x), with —1 < 8¢ < 0 and Ko, € C*°(R), then its Fourier transform at the
leading order decays with an exponent a(d = 1) = 1 + 0. There is a similarity with the value of the
exponents for the Laplace and Matérn kernels that we use: the value of Ok is linked to the exponent of the
cusp |x|% that appears in the Taylor expansion of the Kernel at the origin. We expect that this fact, namely
that the exponent ax(d) is the sum of spatial dimension d and of the cusp exponent 6, is more generic and
applies to most of the kernels that are used in practice.

Appendix B. Regime o < §: curse of dimensionality

We consider here the case where the kernel bandwidth ¢ is much smaller than the nearest-neighbor distance
0. In this limit the contributions in the expansion of the decision boundary in equation (12) are significantly
suppressed because the kernel is supposed to decay when its argument is large, and the decision boundary is
dominated by the charge of training pattern x* that is closest to x. The sign of the decision function is thus
fixed by the sign of the nearest neighbor’s charge and the accuracy is driven by the nearest neighbor distance,
which is susceptible to the curse of dimensionality.

We can see this more precisely if we approximate the kernel interaction between two points x and x” as

, ap = K(0) ifx = x/,
lx=x11\ _ ) /s s - 10
K — )R ya= K(U) <& ag if x'is one of the nearest neighbors of x (B1)
0 otherwise.

Hence, the decision function at a point x* reads

fle) m agaly" + a1 Y 0¥y’ + b (ag+af) (a0 + " Aa)y* +b, (B2)
vEIxH

where the sum runs over the nearest neighbors of x*. We use that all points are SV, which results from the
hierarchy a; < ao. Indeed, the interaction term alone is never sufficient for ||f{(x*)|| to exceed one. The
second equality is justified by the following reasoning. First, in the limit § — 0, the nearest neighbors typically
share the same sign, so that all the y* in the sum can be replaced by y*. a] is thus a; multiplied by the
number of terms in the sum. Then, because the distribution is assumed smooth and the kernel is blind to the
data structure coming from distant patterns, the SV charge may only depend on its label: a* = ap 4 " Aav.
A is taken independent of the associated label y*, as we assume the labels to be balanced. The charge

10 For the derivation of the following scalings the notion of ‘nearest neighbors’ could be relaxed to include points that lie in a thin shell.
In any case we assume that the number of nearest neighbors of a given point if finite.
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Figure B1. Left: Test error versus the size of the training-set size p for the single-interface setup in the vanishing bandwidth
regime. The points in the dataset are drawn from the standard normal distribution in dimension d (see the color legend) and
learned with the margin-SVC algorithm with the Laplace kernel (£ = 1) of bandwidth o = 10~2. The solid lines correspond to the
average over 50 initializations, while the shaded regions are the associated standard deviations. The dashed lines illustrate the
power law € ~ p~ 4. The bias of the SVC decision function has been removed by hand to avoid the test error remaining stuck at
50% as discussed at the end of appendix B. Right: The power-law exponents are extracted by fitting the curves on the left plot and
compared to the nearest neighbor prediction.

conservation equation (16) implies immediately that Aac = —c (y), where (y) = 117 Doy~ p~'/% and
imposing the condition y*f(x") = 1 on each points x* yields cy = 1/(ap + a{) and b = (y).
We can now compute the test error of the SVC in the limit 0 < J. The prediction on a test point x is

. . v . [af
= 1) e[S 1] oy
veEdxX 0

where with a slight abuse of notation we take the sum over the points x” in the training set that are nearest
neighbors of the test point x, and yny is their label (as before, assumed to be constant among nearest
neighbors). We observe two distinct behaviors according to the ratio between the bias b = (y) and the
nearest-neighbor contribution a!. If (y) ~ p~'/2 is much larger than a/, the above prediction yields

#(x) = sign (y) (for any x): this estimator cannot beat a 50% accuracy. In contrast, if (y) is much smaller than
aj, the prediction yields y(x) = sign(ynn): the classifier acts as a nearest-neighbor algorithm, and
consequently its test error scales as the nearest-neighbor distance, £ ~ § ~ p~?—namely, it is susceptible to
the curse of dimensionality—as we show in figure B1.

Appendix C. Proof that power kernels are CSPD

The margin-SVC algorithm presented in section 3.4 relies on the assumption that the Gram matrix is
conditionally strictly positive definite (CSPD). In this appendix, we prove that the power kernel

K(x,x")=— (@)E indeed belongs to the CSPD class for 0 < £ < 2 and for any space dimension, by
introducing the following definitions and theorems.

Definition: A real function k is called conditionally strictly positive definite (CSPD) in R, if

p pr
DN cuek(llx, —x,l) >0, (C1)

p=lv=1

for any set of p distinct points x,,...,x

S R? and any choice of p variables c,. ..., ¢y, satisfying

P
Zc” =0. (C2)
p=l
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Definition: A function ¢ is said to be completely monotonic in (0,00) if it satisfies ¢ € C*°(0,00) and
(=1)"0"M p(r) > 0, for all n € Ny and all r > 0.

Theorem: Let ¢ € C[0,00) N C>®(0,00). The function k(e) = ¢(|| ® ||?) is CSPD in R? for all d, if and only if
its negative derivative —' is completely monotonic on (0,00) and ¢ is not a polynomial of degree at most one. A
proof can be found in chapter 8 of [50].

The introductory statement arises naturally when considering the univariate function ¢(r) = —%/2
defined on R . Following the theorem and the definitions, one can easily show that the function
—¢'(r) = %rﬁ/z_l is completely monotonic on (0,00) for 0 < £ < 2. The condition that ¢ be not a
polynomial of degree at most one excludes further the cases £ =0 and & = 2, which proves that the function
k(r) = —r* is CSPD for 0 < ¢ < 2. Note that a radial kernel is defined as the multivariate function
K(x,x") = k(||x — x'||), and that if the kernel generator k is CSPD, the kernel K is also called CSPD.

Appendix D. Large o convergence of the SVC algorithm

In section 3.4, it is loosely argued that in the limit of large o one could replace the actual kernel K(r/c) by its
truncated Taylor expansion K(r/c). Here, we prove that in the limit o — oo the SVC solution with the
truncated kernel converges to the actual SVC solution: {@"} Z=22 {a#}.
We assume that the kernel K can be written as
K(l) :k(1)+o(a*§) ,withk(l) —¢+a (1)6. (D1)
o o o o

For a given classification problem {(x*,y*)}, the SVC algorithm converges to a set of dual variables {a*},
respectively {&#}, provided that the associated kernel is CSPD. K is proved to be CSPD in appendix C if
c1 <0and 0 < & < 2, while K is assumed to be CSPD from the start. This condition guarantees that the
Lagrangian in equation (13) defines a strictly convex problem. Rescaling the dual variables a* — o /o
yields the following rescaled Lagrangians:

p p
) =320 =9 37 oty e~ and £la) = £ + o), 02)

pv=1

The rescaled solution {4} of the maximizing problem with the Lagrangian £ is well defined in the limit
o — 00, hence the strict convexity of both Lagrangian ensures that {&*} — {a#}, when the perturbation
&(o) vanishes.

Appendix E. The charge structure factor

The charge structure factor Q introduced in equation (30) is a good measure of the fluctuations in the system
and, in particular, of the cutoff occurring at the scale r.. It is argued in section 3.4 that Q*(k | ) ~ @*pA /v at
high frequencies, namely ||k, || > r-!. This scaling is verified numerically in figure E2.

The data are obtained as follows: for each ||k | ||, a set of N = 2000 random wave vectors is generated on
the interface; the associated factor is computed by summing over the SV of the considered setup and then
averaged. The fluctuations observed at large ||k, || decrease when N increases. The insets illustrate the
expected asymptotic behavior Q2 ~ @*pA /~, while the vertical dotted lines correspond to the typical
nearest-neighbor distance r..

Appendix F. SVC gradient of the multiple-interface setup

Consider a setup of n (odd) interfaces separated by a distance w. We count the interfaces with the index
I=— ”;1 yeens ”;1 and set the middle interface at x; = 0, so that x; ; = Iw. We call A the band thickness on
each side of the Ith interface and denote the mean SV dual variable on its left, respectively on its right, by &y,
respectively &;. Without loss of generality, we fix the sign of the setup by setting y(x;) =+1, for x, €[0, w].
The symmetry of the system imposes that A_; = A;and &/ = @_; for all I > 0, as well as that a; = a.
Following the same construction as in section 3.4, in the central-limit approximation the SVC function

on the point x = (x;,0) is given by

n—1

2 A
flx)) =b—poSy7¢ Z (1) dusgn(u) ay(u) glox —x1,1 — u), (F1)

[—_ =l AY]
- 2
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Figure E2. Charge structure factor as a function of the (transverse) wave vector amplitude ||k | ||, for different training set sizes p
and dimensions d = 5, 30. We plot the square Q (k | ) averaged over N = 2000 samples, normalized by the expected
high-frequency variance Q% = a2pA /~. The inset plot shows Q2 versus the size of the training set p.

where

w Yy
¢x) = / dx, (2 + [lx, )2 ~ / drri=2 (2 + P)E2 4 / dri= (2 4 2)E2, (F2)

gs(x) g(x)

and a;(u) = «y, respectively a (1) = o, for u < 0, respectively u > 0. By symmetry, the target function is of
the form'’

flx1) = Bixy + -+ B + -+ Bux + O(x1)" 2, (F3)

with i only running over odd indices. Imposing that the target function is zero on each interface, all
coefficients can be expressed in terms of 3,: 3; = byw" ™' 3,,, where b; ~ O(1). Similarly, the SVC condition
that O, f(x;) A is identical on each interface allows us to relate all band thicknesses to Ay: A; = djA, with
d; ~ O(1). Denote by o, 6« and A respectively the typical values of (o] + o) /2, ||af — ay||/2 and A}. One
can obtain the 3 coefficients associated with equation (F1) by differentiating it, namely

f(i) 0 b .
Bi= i$ ) = ng+1+2j7}+gf+1wd+£_2_lA2aa (F4)
! — —_—
- 5
Bf

where gt ~ 75717678 & ~ 47956 and T~ O (Azwzja) +0 (szj“(Sa). The constrained scaling
between the 3 coefficients forces the terms of index j = 0,...,n — i in the sum defining 3} to cancel each
other up to higher order. In particular, §o ~ «A/w, and BL ~ w? A2q. Eventually, the scaling of the gradient
depends on the hierarchy between 3% and 33

1~ Ady f~

pa (1) (f)s (%)"H, ifn>d+¢—4, )

ifn<d+¢—4.
Also, if n > d + £ — 1, when computing /33, divergences will occur while differentiating g°. This sets an upper
bound on the number of interfaces we can consider without considering microscopic effects on the gradient.

For an even number of interfaces, a similar discussion holds with the difference that n should be replaced by
n — 1 in the above expressions. Finally, the resulting scaling of the usual observables are given in section 3.5.

11 The shift constant 3y is discarded because of the bias freedom in equation (F1).
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Figure G3. Dependence on the training set size p of the SV mean dual variable & (left), the SV band thickness A (middle) and
the test error (right) for the single-interface setup in dimensions d =2, 3, 5, 10. The SVC algorithm is run with the Matérn
kernel equation (10) with bandwidth o = 100 > ¢ and parameter v = 0.1, 0.3, 0.5, 0.7, 0.9 for which the kernel is
conditionally strictly positive definite. The solid lines are averaged over 50 initializations and the shaded regions represent the
standard deviation. Dashed lines illustrate the power-law predictions of equations (33) and (34).

Appendix G. SVC scaling with the Matérn kernel

Results of simulations on the single-interface setup with Matérn kernels are shown in figure G3, for several
parameters v and several dimensions d. All the curves follow the scalings predicted in section 3.4.

Appendix H. Numerical definition of the scale r,

In section 3.4, the scale r is defined geometrically as the distance between nearest support vectors. The
numerical definition of r. is different as it aims to confirmthe ‘minimal disturbance hypothesis’ presented in
the note at the end of section 3.4. From this point of view, the scale r. is also the scale below which the
charges of two SV are not correlated. To test this idea, the solution of the margin-SVC problem is computed
once for a benchmark training set and a second time for the same training set with one additional point close
enough to the interface to be a SV. We then calculate the cumulative distribution of the charge variations
dat = ||a* — a’*| as function of their distance from the additional point . The resulting distribution is
displayed in figure H4 for multiple realizations of the single-interface setup with d =5 and p = 6810. The
scale . is then defined as the distance for which the cumulative distribution reaches a given value C < 1. The
particular choice of C does not alter the power-law behavior.

Appendix I. Scaling arguments for the spherical setup

In this appendix, we sketch how the scaling relations in section 3.4 may be derived for the spherical interface
setup discussed in section 4, where the label only depends on the norm of the vector: y(x) = sign(||x|| — R),
with R the radius of the sphere. In the same line as for the linear interface, it is assumed that all SVs lie within
a shell of thickness A < R around the interface. The decision function on the vector x,

fb Zau (Hx XM|>’ (11)

is better apprehended in a Cartesian frame such that x = (x; = ||x|[,0), which requires us to rotate all SVs:
xM — x'* = Rx*. In the large p limit, the charge conservation, Q = ZZ:I aty? =0, reads

A
0= / dx p(x)a(x)y(x) = S / du(R+ )" p(R-+ )R-+ u)y(R+ ) (12)

Spherical coordinates are used in the second equality: the angular variables trivially integrate to the unit

(d — 1)-sphere surface, S; |, and the variable u = r — R is used instead of the radius r = ||x||. For simplicity,
we assume that the population distribution is radial: p(x) = p(r). Were this not the case, the angular integral
would merely yield a different finite factor.
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Figure H4. Example of the cumulative distribution of the amplitude of the dual variable variation as a function of the distance r
from the additional point (see the text above). Each color corresponds to a different realization of the interface setup with d =5
and p = 6810. The vertical dashed line stands for the scale . averaged over all realizations obtained with C = 0.9 (horizontal
dashed line).

As for the linear interface, the first scaling relation stems from the condition A - 0y, flx*) ~ 1, for any x*
lying on the spherical interface. According to the change of frame introduced above, the relevant direction
correspond to the first coordinate, namely x| = x;. The gradient expression (23) can thus be expressed as an
integral in spherical coordinate with the north pole x* = (R,0):
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A

du(R+ u)*™! /7T de sin? % gp(R+ u)a(R + u)y(R+ u)(u,0),  (I13)
A 0

O flx) = €0 pSa s /

where the vector of integration norm is r = R + u and its angle with respect to the north pole is ¢. All other
angles simply integrate to the (d — 2)-sphere surface, S, _ ,, since they do not contribute to the integrand

I(u,6) = (0 =] |lx =217 = a0(@) + ar(@)u+ O(), (14)
with
ay(p) = i {ZRZ(I - cos¢)} ¢ and a,(¢) = [1 - g(l - cos¢)} [2 R*(1 - cosq/))] 6/271. (I5)

The leading order contribution gy vanishes because of the charge conservation (equation (I12)), so the
gradient reads

A T
O, flx™) Np/_A du(R+ u)d_lp(R +u)a(R+u)y(R+ u)u/o d¢ sin? 2 ba,(¢) ~ pAa (16)

and the second scaling relation paA® ~ 1 is identical as for the stripe model. Since the other relations are
obtained from local arguments, they are independent of the global shape of the classification task.
The scaling laws for the spherical model are thus also given by equations (33) and (34).
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