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In this paper, by using properties of attractive points, we study an iteration scheme combining simplified Baillon type and Mann
type to find a common fixed point of commutative two nonlinear mappings in Hilbert spaces. Then, we apply the obtained results

to prove a new weak convergence theorem.

1. Introduction

In 1963, DeMarr [1] proved a common fixed point theorem
for a family of commuting nonexpansive mappings in a
Banach space. After DeMarr, many researchers studied this
subject (see [2-6] and others).

On the other hand, in 1975, Baillon [7] proved a mean
convergence theorem known as the first nonlinear ergodic
theorem in a Hilbert space. After Baillon, many researchers
have studied topics related to his mean convergence theo-
rem. In 1997, Shimizu and Takahashi [8] introduced the
iteration scheme that combines Baillon type and Halpern
type [9]. Then, they proved a strong convergence theorem
to a common fixed point of a finite family of commutative
nonexpansive mappings in Hilbert spaces. In 1998, Atsush-
iba and Takahashi [10] introduced the iteration scheme that
combines Baillon type and Mann type [11] and proved a
weak convergence theorem to a common fixed point of com-
mutative two nonexpansive mappings in uniformly convex
Banach spaces. In 2002, Suzuki [12] studied for common
fixed points of commutative two nonexpansive mappings
in general Banach spaces. Then, he proved a strong conver-

gence theorem using Atsushiba and Takahashi’s iteration
scheme. Stimulated by Suzuki [12], Takeuchi [13] intro-
duced a new iteration scheme combining simplified Baillon
type and Mann type and proved the following strong con-
vergence theorem in general Banach spaces.

Theorem 1 (see [13]). Let E be a Banach space and let C be a
compact convex subset of E. Let S and T be nonexpansive self-
mappings on C with ST = TS. Let {a,,} be a sequence in [0, 1]
satisfying 0 < liminf,_ | a, <limsup, _ a,<1. Let x, € C
and define a sequence {x,} in C by

i+1

STix, + (1 -a,)x,, (1)

n
ey
Xn+1 = on

i=1 j=i

for each n € N. Then, {x,} converges strongly to some com-
mon fixed point z of S and T.

Also, some researchers studied topics related to common
fixed points of various nonlinear mappings or semigroups of
nonlinear mappings, and some convergence theorems were
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proved; for example, see [14-16] and others. In addition,
Baillon’s theorem [7] evolved as follows. In 2011, Takahashi
and Takeuchi [17] proposed the notion of an attractive point
of a mapping T. They denote by A(T) the set of all attractive
points of T and by Py, the metric projection from H onto
the closed convex set A(T). An attractive point is an impor-
tant notion related to fixed points (see [18-21] and therein).
Then, Takahashi and Takeuchi [17] proved the following
Baillon type mean convergence theorem finding an attrac-
tive point for a wide class of nonlinear mappings called gen-
eralized hybrid [22].

Theorem 2 (see [17]). Let H be a Hilbert space and let C be a
nonempty subset of H. Let T be a generalized hybrid mapping
from C into itself. Let {v,} and {b,} be sequences defined by

v, €C,

Vn+1 = Tvn’
1 n

bn = E Z Vk,
k=1

for each n € N. Suppose {v,} is bounded. Then, the following
hold:

(1) A(T) is nonempty, closed, and convex
(2) {b,} converges weakly to ue A(T) such that u=

lirnn—>ooPA(T) Y

Motivated by the works as above, considering properties
of attractive points, we study the iteration scheme proposed
by Takeuchi [13]. Then, using the obtained results, we prove
a new weak convergence theorem for common fixed points
of commutative two nonlinear mappings in Hilbert spaces.

2. Preliminaries

We present some of fundamental concepts and some sym-
bols used throughout this paper. We denote by R the set
of all real numbers, by N the set of all positive integers,
and by IN, the set of all nonnegative integers. Also, we
denote by N; the set {ke NN, :i<k} for each i€ N, and
by IN(i, j) the set {ke N, : i<k<j} for each i, je N, with
i <j. Obviously, N, = NN.

H always denotes a real Hilbert space with inner product
(-, -) and induced norm ||-||. Let {x,} be a sequence in H.
Sometimes the strong convergence and weak convergence
of {x,} to a point x € H are denoted by x, — x and x,
— x, respectively. So, x, — x implies lim,_,||x, —x|| =
0, and x, — x implies lim,_, (x, —x,y) =0 for each y¢
H. Then, we know the following basic facts:

(i) A nonempty closed convex subset C of H is weakly
closed

(ii) A bounded sequence of H has a weakly convergent
subsequence
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(ili) x,, — z € H if every weak cluster point of {x,} and
z are the same

A Hilbert space H has the Opial property; that is, if a
sequence {u,} in H converges weakly to a point u € H, then

liminf||u,, — u|| < liminf |ju, — v||, (3)
n—~:~m0o n—~oo

for all v e H with u #v.

Let C be a nonempty subset of H and let T' be a mapping
from C into H. Sometimes, we denote by T° the identity
mapping I on C. Then, we denote by F(T) the set of all fixed
points of T and by A(T') the set of all attractive points of T,
that is,

F(T)={xeC:x=Tx},

4
A(T)={yeH :||Tx-y| <|lx-y|forallxeC}. @
T is called nonexpansive if | Tx — Ty|| < ||x - y|| for all
x,y € C. We say that I - T is demiclosed at 0 if z € F(T)
holds whenever {x,} is a sequence in C such that x, — z
for some z€ C and x, — Tx, — 0. Then, I - T is demi-
closed at 0 if T is nonexpansive. T is called quasi-
nonexpansive if @+ F(T) c A(T). It is easy to see that a non-
expansive mapping T with F(T) # & is quasi-nonexpansive.
Aoyama et al. [23] proposed A-hybrid mappings for A e R. T
is called A-hybrid if

1T = Ty|P < [|x =y +2(1 = A) {x = T,y = Ty), ~ (5)

for all x, y € C. We can easily verify that a mapping of several
important classes of nonlinear mappings is A-hybrid for
some A € R. For example, a nonspreading mapping [24] is
0-hybrid; a hybrid mapping [25] is 1/2-hybrid and a nonex-
pansive mapping is 1-hybrid. T satisfies F(T) c A(T) if T is
A-hybrid. So a A-hybrid mapping T is quasi-nonexpansive if
F(T) # @. According to Falset et al. [26], T is said to satisfy
the condition (E) if there is s € [0,00) such that

[l =Ty|| < [l = yI| + sf}x = Tx{], (6)

for all x, y € C. If T satisfies the condition (E), then F(T) c
A(T). So T is quasi-nonexpansive if T satisfies the condition
(E) and F(T) + @.

Let C be a subset of H and let T, and T, be self-
mappings on C. We denote by F the common fixed point
set F(T,)NF(T,) and by A the common attractive point
set A(T,)NA(T,). We place importance on the condition
F c A. Therefore, we present some facts relevant to this con-
dition. It is easy to see the following:

(a) Fc A implies neither F(T,) c A(T,) nor F(T,)CA
(T>)

(b) F # & does not imply A # & without the assumption
FcA
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(c) In the case when C is closed and convex, A +J
implies F # &. However, A # & does not imply F C
A

(d) If T, and T, are quasi-nonexpansive mappings, then
FcA

(e) Even if & # F C A, neither T, nor T, need be quasi-
nonexpansive

To clearly understand such situations, a specific example
from [20] is given below.

Example 1 (see [20]). Let D={x=(s,t) e R*:5€[0,1], t €
s/2,2s]}. Then, D is compact and convex. Let T, and T, be
self-mappings on D defined by

rece o= (@0 (3ur)) - (e 2ee).
race =3 (1 (o16)) = (s 2ev o).

(7)
for each x= (s, t) € D.
In this example, we easily see
F(T,)={(x,x,) €D : x, =2x,},
F(T) = {(kum) €Dy = 21,
A(T)) = {(53) € R £, <0}, .
AT = {(xy 1) € R 15, 20},

—

F
A={(x,x,) €R*: x, <0,x,<0}.

From this, we can easily confirm the following:

(i) F(T,)NnF(T,) cA(T;)NA(T,) holds

(ii) Neither F(T,) c A(T,) nor F(T,) c A(T,) holds
(iii) Neither T nor T, is quasi-nonexpansive

Refer to [17-21] for more details of attractive points.

3. Lemmas

We begin this section with preparing the required symbols
for the iteration scheme we are dealing with and then pres-
ent some lemmas which are needed to prove our main result.

Let C be a nonempty subset of a Hilbert space H. Let
T, and T, be self-mappings on C. For each n €N, define
mappings M, (n), M,(n), and M(n) from C into H, respec-
tively, by

3
ln—l o
M, (n)x= ;ZO T Tix,
ln—l o
M, (n)x= m Z T" Th x, 9)
i=0
1 noligl 1 1
M(n)x= ZO ]Z T Thx = 5 M. (m)x+ 5 M (m)x,
for each x € C. Then, for each neN, ve F(M,(n)) N
nA

F(M,(n)) N F(M(n)) holds if ve F, and ue A(M,(n))
(M,(n)) N A(M(n)) holds if u € A. In the case of T, T, =T,
T, the following holds:

T\ Tix=(T,T,)'x,
i i+l i i (10)
Iy x=(T,T,) (Tyx) = Tz((Tsz) x),

for all i e Ny, x € C.

Here are some lemmas which are needed to get our main
result. First, since a Hilbert space has the Opial property, the
following lemma is easily obtained; for example, see Atsush-
iba et al. [18].

Lemma 3. Let H be a Hilbert space and let C be a nonempty
subset of H. Let {u,} be a sequence in H such that {||u, —
w||} converges for each w € C. Suppose {u, } and {unj} are

subsequences of {u,} which converge weakly to u,veC,
respectively. Then, u=v.

The following lemma is due to Ibaraki and Takeuchi [20].
Lemma 4 (see [20]). Let H be a Hilbert space and let C be a
nonempty subset of H. Let T be a mapping from C into H. Let

a€l0,1], xeC, and w=ax+ (1 —a)Tx. Suppose ve A(T).
Then, the following holds:

a(1-a)|Tx=x|* < |lx=v|* = Jw-v|*. (1)

Suppose further that C is bounded. Let r > sup,.c||x — v||.
Then,

a(l-a)
A tx-alf < =y = fw-v].  (12)

We need the following trivial lemma to prove Lemma 6.
Lemma 5. Let {a,},cy, be a sequence in [0, 00). Then, for
each neN,, there exists i,€N(0,n—2) satisfying

MiN;en -2 (a; +a;41) = a; +a; .y, and therefore, the follow-
ing holds:

n-—1

(a; +a; 1) (13)



Proof. Fix any n € IN,. It is trivial that there exists i, € N(0,
n—2) such that

ien\%i,il-z) (a;+ay,)=a; +a; . (14)

In the case when 7 is odd, n € N5 and i, satisfies

n-1 n-2 (n=3)/2
a;z ) a;= Z (Agk + Aps1)
i=0 i=0 k=0
(n-3)12 no1l (15)
= (ai,, +a; +1) 2 (ain +4; +1)
k=0

In the case when n is even, i, satisfies

n—1 (n-2)12 -2)/
a; = a2k+a2k1 2 an+a 1
Zo ’ Z i Z " (16)
n
E(a +a, +1)
Thus, we see that i, satisfies (13). O

Lemma 6. Let H be a Hilbert space and let C be a nonempty
subset of H. Let T; and T, be self-mappings on C satisfying
@+ A=A(T,))NA(T,). Let a,be(0,1) satisfy a<b and
let {a,} be a sequence in [a,b]. For each n €N, let M(n)
be as in (9). Let {x,} be a bounded sequence in C and

define {y,} by

Y = ayM(n)x, + (1=

n

)Xy (17)

for each neN. Suppose lim, ., |lx,—y,||=0. Then,
there is a sequence {i,},cx, such that i, € N(0,n-2)cC
N, for each ne€ N, and

. iy i

nhrr})OHTl”TZ”xn—xn =0,

: iy i, +1
nlm})OHTI“TZ" X, —x,| =0, (18)
s iyt 1 i, +1
nhmOOHT T3 x,—x,||=0.

Proof. For each neN, let M,(n) and M, (n) be as in (9).
Note that 0<a(l-b)<a,(1-a,) for all neN. Fix any
ueA. Since {x,} is a bounded sequence in C, there is
an r € (0,00) satisfying r > sup,.l|/x, —u||. For each ne
N, by (12) in Lemma 4, we see that
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@M (n)x, + (1= a,)x, —uf
n-1
= ||2n T\ Thix, + (1 —a,)x, —u
=
1O i
= (—ZTIT’zxn—u> +(1-a,)(x, —u)
=
ln—l
= E; (T\Thx, —u) + (1 - a,)(x, —u))H (19)
15 i i
< l|a, (T} Tox, — u) + (1 —a,)(x, —u)||
i=0
5N a,(1=a,) i 2
<22 (I -1 - 2L i, )
n-1 o )
S”Xn—M”— 1T12xn_an .

Then, we have

d (20)

< Hxn - u” - ||anMe(n)xn + (1 - an)xn - u”

In the same way, we also have

b)llH i i 2
E;‘ ||T1T2+1xn—an (1)

< ”xn - u” - ”anMo(n)xn + (1 - un)xn - u”

By (20) and (21), the following holds:

“(1_b)1n71 i 2 i i 2
e (LR R e

1
< 5 (= ull = llanMe(n)x, + (1= a,)x, — )
1
* E(HXn - uH - HanMo(n)xn + (1 - an)xn - u”)
1
< ”xn - u” - EanMe(n)xn

1
+ ianMo(n)xn +(1-a,)x,—u

= ”xn - u” - ”anM(n)xn + (1 - an)xn - u”
= (1% = ull = [y, — ull < [1x, =2, l-
(22)
For each ieN, we regard |TiTix, x|+

i 2 :
| T8 T5 x, — x,||” as a; in Lemma 5. From Lemma 5, for
each neN,, there exists i, € N(0,n—2) cIN, satisfying
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(13). So, we have the sequence {i,},y, which consists of
such i,. Then, for each n € N,, it follows from (13) that

n—1
SRt

iyt 1 i, +1
Tl TZ Xp = Xp

2

)@

n-1
< z(HTgT;xn_an% |75 T3, _anZ).
i=0

ThThx —x 2+ Ty —x
1+2%n n 12 n n

2 . .
iyt 1 iy, +2
+ ‘ + H T Ty "x,—x

n

From this, by (22), we see

a(l-byn-1|,. . 2
8r : n ‘TllﬂTlan"_x"
a(l-b)1n—1(), 2 i 2
< (4r ); 7 (HTI{’TIZ”xn—xn +HT11”T12”+1xn—xn
i+ 1 2 i+ o 2 2
+ | Ty Ty x,—x,|| +|T{ Ty x,-x,
a(l1-b)1< . 2 - 2
< 200N (I rihn, |+ 178, )
i=0
<l = yull-
(24)
Then, by lim,_,|lx, —,|l =0, we immediately see
a(l-byn-1y,, i 2
limsup ( )—’ T Ty x, - x,
n—:00 n (25)

< lim [lx, =y,[|=0.

Thus, by ((a(1-b))/87)>0 and lim, , ((n-1)/n)
=1, we obtain

2
lim = 0. (26)

n—=~no

i?l in
T Tyx,—x

n

In the same way, we also have the following:

2

. i, i, +1 _
nhrrz)O /T, x,—x,|| =0,
(27)
S 2
. i, +1 i, +1
nhn}x) T/ Ty x,-x,|| =0.

O

The following lemmas for a A-hybrid mapping and a
mapping satisfying the condition (E) were known; for exam-
ple, see Ibaraki and Takeuchi [20]. Of course, these are
extensions of the demiclosed principle in the Hilbert space
setting.

Lemma 7. Let H be a Hilbert space and let C be a subset of H.
Let T be a A-hybrid mapping from C into H. Suppose {x, } is
a sequence in C which converges weakly to some u € C and
satisfies lim, || Tx, — x,|| = 0. Then, u € F(T).

Lemma 8. Let H be a Hilbert space and let C be a subset of H.
Let T be a mapping from C into H which satisfies the condi-
tion (E). Suppose {x,} is a sequence in C which converges

weakly to some u € C and satisfies lim,__ || Tx, — x,| = 0.
Then, ue F(T).

4. Main Result and Applications

We present a weak convergence theorem which is our main
result.

Theorem 9. Let H be a Hilbert space and let C be a nonempty
closed convex subset of H. Let T and T, be self-mappings on
C satisfying T, T, =T,T,. Let a, b € (0, 1) satisfy a < b and let
{a,} be a sequence in [a, b]. For each n € N, let M(n) be as in
(9). Let x, € C and define a sequence {x,} in C by

n—1 i+l

a o
Xni1 = j Z Z Tll TJan + (1 - an)xn

i=0 j=i
=a,M(n)x, + (1-

(28)

an)xn’

for each ne€N. Set A=A(T,)NA(T,) and F=F(T,)n F(
T,). Suppose A# & and I - T is demiclosed at 0 for each j
€ {1, 2}. Then, the following hold:

(1) A weakly convergent subsequence of {x,} exists, and
every weakly convergent subsequence of {x,} con-
verges weakly to a point of F

(2) In the case of F C A, {x,} converges weakly to some
zeF

Proof. Fix any v € A. It is trivial that A c A(M(n)) for all n
€ N. Then, by (11) in Lemma 4, we see

0<a,(1-a,)[M(n)x, = x,|1* < l5, = v[|* = [0 = VI

(29)

nl n+1

for each n € N. From this, we see that ||x,,, —v|| <|x,
—v|| for all n € N; that is, {||x, —v||} converges. So, since
0<a(l-b)<a,(l-a,) for all n €N, we have

lim ||M(n)x, —x,|* =0.

n—~oo

(30)

Furthermore, we know that for each n € N,

||xn+1 _xn” = ”anM(n)xn + (1 - un)xn - xn”
=an||M(n)xn _xn”'

(31)

By (30) and (31), lim,__|x,,; —x,/|=0 holds. For
each n € N, we may regard x,,, as y, in Lemma 6. Thus,



since {x,} is bounded, by Lemma 6, there is a sequence
{i,},en, such that i, € N(0,n —2) C N for each n € N, and

. iy i
nhn})O H T Tyx,—x,||=0,
. i1 _
nllmoo X, —%,| =0, (32)
li Ti"HTi"H -0
Jim T TR X, - x| =0

We show that (1) holds. Since {x,, } is bounded, {x,} has
a weakly convergent subsequence. Let {x, } be a subse-

quence of {x,, } which converges weakly to some z € H. Since
C is weakly closed and {x,, } is a sequence in C, we see z € C.

We show z € F(T,). By T, T, =T, T, and (32), we see

b
3 e n —
i |75 | =0
. lYlI lﬂl lYll 1}’(1
hlmsupHTz(Tl T xn[) — T T,
—>00
iy iy
. ny np+l ny ny
ShmsupHT1 T," x,, —x, | +limsup|\x, - T\"T,"x,
[—00 [—00
iy by
_ . ny np+l _ ny ny _
—ZE’I;OHTI T, x, — +ll1m x, = T{'Ty'x, || =0.
(33)

. in IYK iﬂ
' From the latter, we see lim;_[|T,(T,"T;'x, ) — T '
T;"’xn’H:O. Since {x,} converges weakly to z€C, by

0, {Tll"’ T;"’ x, } also converges
weakly to z. So, since I — T, is demiclosed at 0, we see z €
E(T,).

We show z € F(T
we have the following:

. IYI in
hml—»ooHTllTZIxn, _xn,H =

1)- Similarly to the discussion above,

lim ‘Ti"’ "', —x,|[=0
oo 172 n n >
o (34)
1 T "1 Tzn1+1 _ Tznl Tz,,[+1 -0
im Xy, V' %, :
iy i+
So, {Tll"’ qu i X, } converges weakly to z and
‘ 1
hm HT ( "’T12"1+ X, ) T"’TI"’Jr x, || =0. (35)
Since I - T is demiclosed at 0, we see z € F(T,). Thus,

ze F=F(T, )nF(T ).

By the argument so far, we see that a weakly convergent
subsequence of {x,} exists and any weakly convergent sub-
sequence of {x, } has to converge weakly to a point of F. So,
we confirmed that (1) holds.

We show that (2) holds. We already know that {||x, —
v||} converges for each v € A. Suppose F C A. Then, by (1),
FCA, and Lemma 3, all weak cluster points of {x,} coin-
cide. That is, {x,,} itself converges weakly to a point z € F. [J

Next, we present some results derived from Theorem 9.
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Theorem 10. Let H be a Hilbert space and let C be a non-
empty closed convex subset of H. Let T, and T, be quasi-
nonexpansive self-mappings on C satisfying T,T,=T,T,.
Assume that F = F(T;) N F(T,) # @ and I - T is demiclosed
at 0 for each je{1,2}. Let a,be (0, 1) satisfy a<b and let
{a,} be a sequence in [a, b]. For each n € N, let M(n) be as
in (9). Let x; € C and define a sequence {x,} in C by

Xyyy = a,M(n)x, + (1 -a,)x,, (36)
for each n € N. Then, {x,} converges weakly to some z € F.

Proof. Since T, and T, are quasi-nonexpansive, we know
that @+ F=F(T,)nF(T,) cA(T;)NA(T,)=A holds.
Thus, by Theorem 9, we have the result. O

Theorem 11. Let H be a Hilbert space and let C be a non-
empty closed convex subset of H. Let T; and T, be nonexpan-
sive self-mappings on C satisfying T,T,=T,T,. Assume
F=F(T,)NF(T,)+ 3. Let a,b€ (0, 1) satisfy a<b and let
{a,} be a sequence in [a, b]. For each n € N, let M(n) be as
in (9). Let x; € C and define a sequence {x,} in C by

Xyyy = a,M(n)x, + (1 -a,)x,, (37)
for each n € N. Then, {x,} converges weakly to some z € F.

Proof. If a mapping T is nonexpansive and F(T) # &, then T
is quasi-nonexpansive. We also know that I - T is demi-
closed at 0 if T is nonexpansive. Thus, by Theorem 10, we
have the result. O

By considering Lemmas 7 and 8, we have the following
theorems.

Theorem 12. Let H be a Hilbert space and let C be a non-
empty closed convex subset of H. Let T, and T, be self-
mappings on C satisfying T, T,=T,T,. Assume that T, is A
-hybrid, T, is p-hybrid, and F=F(T,) N F(T,) + &. Let a,
be (0,1) satisfy a<b and let {a,} be a sequence in [a, b).
For each n €N, let M(n) be as in (9). Let x, € C and define
a sequence {x,} in C by

Xp+1 = anM(n)xn + (1 - an)xw (38)

for each n € N. Then, {x,} converges weakly to some z € F.

Proof. Since T, is A-hybrid and T, is p-hybrid, by F=
F(T,)NE(T,)+ <, we know that T, and T, are quasi-
nonexpansive. By Lemma 7, we also know that I-T,
and I - T, are demiclosed at 0. Thus, by Theorem 10, we
have the result. O

Theorem 13. Let H be a Hilbert space and let C be a non-
empty closed convex subset of H. Let T, and T, be self-
mappings on C satisfying T,T,=T,T,. Assume that T, and
T, satisfy the condition (E) and F=F(T,)n F(T,)+ @.
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Let a,b e (0,1) satisfy a<b and let {a,} be a sequence in |
a,b). For each n€ N, let M(n) be as in (9). Let x, € C and
define a sequence {x,} in C by

Xns1 = anM<n)xn + (1 - an)x (39)

n>
for each n € N. Then, {x,} converges weakly to some z € F.

Proof. Since T, and T, satisfy the condition (E), by F = F(
T,)NF(T,) + <, we know that T, and T, are quasi-
nonexpansive. By Lemma 8, we also know that I — T, and
I-T, are demiclosed at 0. Thus, by Theorem 10, we have
the result. O

5. Supplement

In this section, we present some examples that complement
the argument so far. In advance, recall that weak and strong
topologies on a Euclidean space coincide.

In the previous section, Theorem 9, neither T, nor T,
need to be quasi-nonexpansive. However, in Theorems 10-
13, we deal only with quasi-nonexpansive mappings T,
and T,. We therefore give an example where all conditions
of Theorem 9 are satisfied and T', is not quasi-nonexpansive.

Example 2. Let D= {x=(s,t) e R* : s € [0, 1], t € [-s,5]}. Let

T, and T, be continuous self-mappings on D defined,
respectively, by

Tﬂ:TﬂgQ:<éﬁ+MLO,

Tyx=Ty(s 1) = (1),

(40)

for each x = (s, t) € D.

In this example, noting F=F(T,) N F(T,) and A = A(
T,) NA(T,), we see

(41)

From these, we can easily verify the following:

(i) D is a nonempty compact convex subset of R?
(i) F(T,)¢A(T,), thatis, T, is not quasi-nonexpansive

(ili) T, is nonexpansive and F(T,) # &; that is, T, is
quasi-nonexpansive

(iv) I-T, and I - T, are demiclosed at 0, since T, and
T, are continuous

v) T'T,=T,T, and @+ FcA

So, all conditions of Theorem 9 are satisfied and T is
not quasi-nonexpansive. This implies that the sequence {y,
} generated by the procedure in Theorem 9 converges
strongly to (0,0) € F C A.

Recall that the condition F C A is unnecessary to prove
(1) of Theorem 9. That is, without the condition F C A, we
proved that the sequence {x,} in Theorem 9 has a subse-
quence which converges weakly to a point z € F. So, to gain
a better understanding the contents of this paper, we are
interested in what happens when the condition FC A is
missing from Theorem 9. Then, from this point of view,
we give the following example.

Example 3. Let D=0, 1]. Let T, and T, be continuous self-
mappings on D defined, respectively, by

1
T,s=2s*whens € [0, E] ,

N 1 1
Tis=2(s— =] + =whense(-,1],
2 2 2

(42)
1
Tys= 45> whens € [0, 5]’
N\’ 1 1
T,s=4(s— =) + = whense (-,1].
2 2 2
For this example, we easily see
1
F(T,)=F(T,)= {0, 3 1},
A(Ty) = A(T;) = (-00,0],
F=F(T,)nF(T,)=40, =, 1},
A=A(T}) NA(T;) = (~000),
(T\Ty)s=2(45°)* = 326° = 4(25)’
1
=(T,T,)swhense [0, —} ,
2 (43)

From these, we see the following:



(i) D is a nonempty compact convex subset of R
ii) Neither T, nor T, is quasi-nonexpansive
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(ifi) I - T, and I — T, are demiclosed at 0, since T, and
T, are continuous

(iv) T)T,=T,T, and A+ &

So, without F C A, all conditions of Theorem 9 are
satisfied.

In this example, for ease of verification, we have chosen
T, and T, which are special in the following sense:

(i) We can regard T, and T, as self-mappings on [0,
1/2]

(il) We can regard T, and T, as self-mappings on [1/2, 1]

Accordingly, the following should be noted:

(i) F={0,1/2} and A = (-00,0] if T, and T, are consid-
ered like the former

(i) F={1/2,1} and A = (—00,1/2] if T| and T, are con-
sidered like the latter

We know that the sequence {x,,} generated by the proce-
dure in Theorem 9 has a subsequence which converges
strongly to a point z of F. Especially, in this example, we
can confirm that the sequence {x,} itself converges strongly
to z. That is, by the argument so far, we can easily verify the
following:

(i) {x,} converges strongly to 0 € FN A if x; € [0,1/2)
(ii) {x,} converges strongly to 1/2 € F if x; € [1/2,1)
(iii) {x,} converges strongly to 1€ Fif x, =1

From this, we simultaneously see the following: Example
3 is illustrative example such that z € A may not hold when
the condition F C A is missing.
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